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1. Introduction

The asymptotic performance analysis of an estimation algo-
rithm mostly relies on two simplified assumptions: i) the data are
assumed to be Gaussian distributed and ii) the data model used to
derive the estimation algorithm is supposed to be correctly speci-
fied, that is the probability density function (pdf) assumed to de-
rive an estimator of the parameters of interest and the true pdf
that statistically characterizes the data are exactly the same.

Although these assumptions guarantee the possibility to per-
form "elegant” performance assessment, e.g. by evaluating the
Cramér-Rao Bound (CRB) for the estimation problem at hand
and/or by obtaining a closed form expression for the Mean Square
Error (MSE) of a given estimator, the everyday engineering practice
clearly calls the hypotheses i) and ii) into question. Regarding the
Gaussian model assumption, large-scale measurement campaigns
and the subsequent statistical analysis of the data gathered from
a plethora of engineering applications, e.g. outdoor/indoor mobile
communications, radar/sonar systems or magnetic resonance imag-
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ing (MRI), have highlighted the impulsive, heavy-tailed behaviour
of the observations [1]. These experimental evidences have mo-
tivated the need to go beyond the Gaussian model and develop
new statistical models able to better characterize the data. One of
the more flexible and general non-Gaussian model is represented
by the set of the Complex Elliptically Symmetric (CES) distribu-
tions [2], also called Multivariate Elliptically Contoured distribu-
tions [3]. CES distributions encompasses the complex Gaussian, the
Generalized Gaussian and all the Compound Gaussian (CG) distri-
butions, such as the complex t-distribution and the K-distribution,
as special cases. The pdf of a CES distributed N-dimensional ran-
dom vector x; € CN is completely characterized by the mean value
p, the scatter (or shape) matrix IT and by a real valued function
w(t) : R — R, called the density generator, i.e. X;~CESy(y, II, w)
[2,3]. The CES distributions have been used in a variety of applica-
tions, in particular in the radar and array signal processing fields.
Other experimental evidences reveal recurring violations of the
matched model assumption, that is the claim of a perfect match
between the assumed and the true data model. The mathemati-
cal bases of a formal theory of the parameter estimation under
model misspecification has been firstly developed by statisticians
as Huber [4], White [5] and Vuong [6] and recently rediscovered
by the Signal Processing (SP) community [7-9] and applied to a va-
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riety of well-known engineering problems: to Direction-of-Arrival
(DoA) estimation in array and MIMO processing [7,10], to covari-
ance/scatter matrix estimation in CES distributed data [8,11,12], to
radar-communication systems coexistence [13] and to waveform
parameter estimation in the presence of uncertainty in the prop-
agation model [14], just to name a few.

This brief discussion clearly highlights the need to overtake
both the Gaussian and the matched model assumptions while as-
sessing the (asymptotic) performance of an estimator. As exten-
sively discussed in the SP literature, one of the main tool for the
performance assessment is the CRB that provides a lower bound
to the MSE achievable by any unbiased estimator for a given esti-
mation problem (see e.g. [15]). Under the matched model assump-
tion, the CRB can be evaluated as the inverse of the Fisher Infor-
mation Matrix (FIM), then having a convenient and easy way to
evaluate the FIM would be of great practical utility. To this end,
in array processing applications, the celebrated Slepian-Bangs (SB)
formula has been introduced. Developed in the seminal works of
Slepian [16] and Bangs [17], the SB formula provides a useful and
compact expression of the FIM for vector parameter estimation un-
der both Gaussian and matched model assumptions [15, Chapter 3,
Appendix 3C]. Specifically, let # ¢ ® c RY be a d-dimensional, de-
terministic parameter vector and let x = {x,}lL:1 with x; € CV, be
a set of L independent (possibly) complex random vectors, usually
called snapshots, representing the available observations. If we as-
sume that each snapshot follows a (complex) Gaussian parametric
model, such that x; ~ CN(py(#), I1(6)), then the FIM for the esti-
mation of # € ® can be expressed by means of the SB formula.

The first generalization of the SB formula to a non-Gaussian, but
still perfectly matched, data model has been proposed by Besson
and Abramovich in [18]. Specifically, Besson and Abramovich de-
rived a compact expression for the FIM for the estimation of 6 € ®
when each snapshot x; is characterized by a parametric CES dis-
tribution, i.e. x;~ CESy(y,(#), TI(@), w). Note that the functional
form of the parametrized mean value y,(0) is allowed to vary from
snapshot to snapshot, while the covariance matrix is assumed to
be constant. Clearly, since the Gaussian model belongs to the CES
class, this generalized SB formula collapses to the classical one if
the data are Gaussian distributed.

The second important step ahead has been made by Rich-
mond and Horowitz in [7] and then by Parker and Richmond
in [14] where the classical, Gaussian-based, SB formula has
been extended to estimation problems under model misspecifi-
cation, i.e. when the assumed parametric Gaussian model, say
CN(y(0),T1(#)), could differ from the true (possibly non para-
metric) one, indicated as CN(u, X). In other words, we allow
the assumed parametric mean value p(6#) and the assumed para-
metric covariance matrix II(@) to differ from the true u and
¥ for every possible value of the parameter vector f<®, ie.
CN(y(0),T1(0)) #CN(p, X),V0 € ®. It is worth to underline that
in the estimation framework under model misspecification, the
FIM loses its classical statistical sense and it has to be sub-
stituted by the matrices A(#) and B(#) defined in [8], Egs. (1)
and (7), respectively (see also [6,7]). Consequently, in this con-
text, SB-type formulas could be exploited to obtain A(f) and
B(#) needed to evaluate the counterpart of the CRB in the pres-
ence of model misspecification, i.e. the Misspecified CRB (MCRB)
[4,6-8,11]. In particular, in [7] the authors derived SB-type for-
mulas for the "decoupled” scenario in which the unknown pa-
rameter vector #<® can be partitioned in two sub-vectors p
and v, named “deterministic’ and ”stochastic” parameter sub-
vectors respectively, such that 8 = [#T, vT|" and CN (p(9), I1(#)) &
CN(y(m), M(v)) #CN(j, X),V0 € ©. The findings presented in
[7] have been extended in [14] to include the coupling
of deterministic and stochastic parameters. More formally, in
[14], SB-type formulas have been derived for the following

misspecified scenario CN(p(0), I1(0)) 2 CN (y(y, ), I (v, w)) #
CN (L, X), VY0 € ® where the unknown parameter vector § € ® is
partitioned as @ = [5T, vT, @T|T.

The natural extension of the works of Besson and Abramovich
[18], Richmond and Horowitz [7] and Parker and Richmond
[14] would be to derive SB-type formulas for parametric estimation
problems involving CES distributed data under model misspecifica-
tion. This paper aims exactly at filling this gap and obtaining some
general "misspecified” SB formulas for CES distributed data.

Remark: Throughout this paper, we consider only the case of
real parameter vectors. This is not a limitation, since we can always
maps a complex vector in a real one simply by stacking its real and
the imaginary parts. Clearly, the proposed derivation of the SB-type
formulas could also be developed directly in the complex field by
means of the Wirtinger calculus as in [7,19].

Notation: Throughout this paper, italics indicates scalar quan-
tities (a, A), lower case and upper case boldface indicate column
vectors (a) and matrices (A) respectively. Each entry of a matrix
A is indicated as g; j2[A]; ;. * indicates the complex conjugation.
The superscripts T and H indicates the transpose and the Her-
mitian operators, then A = (A*)T. Let f(t) be a real scalar func-
tion, than f(t)2df(t)/dt. Let A(f) be a matrix (or possibly vector
or even scalar) function of the vector 6, then Ay2A(fy) while

AY 2 ag—g))bz% and A, £ ?9?91,-\8(3]-) l9_g, Where the vector 6, will be
always explicitly defined in the paper. For two matrices A and B,
A>B means that A - B is positive semi-definite. Finally, for ran-
dom variables or vectors, the notation =, stands for “has the same

distribution as”.

2. Problem setup

Let x = {x;}}_,, with x; e CN, be a set of L independent com-
plex random vectors (or snapshots) representing the available ob-
servations. We assume that each snapshot is sampled from a CES
distribution [2,3], i.e., X;~CESy(f;, X, g), then its pdf can be ex-
pressed as:

Px (X)) £ px(Xp: 1, B) = cng T g((x — w)PETT (X — ) (1)

where cy, ¢ is a normalizing constant, g(t) : Rt — R is the density
generator, i, = Ep{X,} is the mean value and X is a positive defi-
nite Hermitian matrix called scatter matrix. In the rest of this pa-
per, we always assume that the scatter matrix X is of full rank,
i.e. rank(X) = N. From the Stochastic Representation Theorem |[2],
a CES distributed random vector can be expressed as:

X =¢ ; + RTu,, (2)
where:

e u; ~U(CSN) is a N-dimensional complex random vector uni-
formly distributed on the unit hyper-sphere with N —1 topo-
logical dimension. As reported in [2] (Lemma 1), Ep{u;} = 0 and
Ep{wul'} = (1/N)I where I is the identity matrix of a suitable
dimension.

e R £ /Qis areal and non-negative random variable called mod-
ular variate, while Q is called second order modular variate.
Moreover, under the assumption that rank(X) =N, we have
that:

Q2 — )T — ) =q Q. VI eN. (3)

As shown in [2], the pdf of Q has a one-to-one relation with
density generator:

Pa(t) =8,V 'g(®), (4)

where 8y 2 [°tN-1g(t)dt < co. As a consequence of (3) and
(4), the expectation of functions of the quadratic form Q, say



h(Q,), can be explicitly derived as:

Eolh(@)} [ h©po(de =8y [~ h©)*Tg(e)de. Ve
(5)

It is clear from (5) that such expectation does not depend on
the index [, since the pdf in (4) of the quadratic form Q; is in-
variant with respect to (w.r.t.) . For this reason, to avoid con-
fusion, in the rest of the paper we always indicate Eq{h(Q,)}
simply as Eg{h(Q)}.

e T is a complex N x N matrix with rank(T) = N, such that X =
TTH.

e If Eg{Q} < o0 and rank(X) = N, then the covariance matrix M =
Ep{(x; — p;) (X; — )M} of x; can be decomposed as M = 62X,
where (see Theorem 4 in [2]):

O—Z A EQIEIQ}7 (6)

and o2 can be interpreted as the statistical power of the CES-
distributed vector x;.

From the Stochastic Representation Theorem, it is clear that the
representation of a CES distributed vector x; is not uniquely deter-
mined by (2). In fact, X, =¢ t; + RTu; =4 p; + (c"'R)(cT)u;, Ve >
0. From a different, yet equivalent, standpoint, this identifiability
problem can be understood as an implicit consequence of the func-
tional expression of a CES distribution. It is immediate to verify
from (1) that CESy(m;, X, g(t))=CESn(p;, c2X, g(t/c?)), YVc>0. As
amply discussed in [2], this identifiability issue can be solved by
posing a constraint on the modular variate R (and consequently,
through (4), on the density generator g(t)), or on the scatter ma-
trix X. For convenience, we choose to put a constraint on R? =
Q. Specifically in the rest of this paper, we always assume that
Eo{Q} = N and consequently, from (6), M = X, i.e. the scatter ma-
trix equates the covariance matrix.

Due to the independence assumption, the joint pdf of the set x
is given by the product of the marginal pdfs of each snapshot x;
given in (1):

px(X) £ px (X1, ...

L
= ()" 12T [ T8O = )" ET (6 — ) (7)

=1

JXp M, i, X)

As discussed in the Introduction, the pdf in (7) is a general and
powerful model that it is able to statistically characterize the im-
pulsive, heavy-tailed data behaviour in a variety of applications
and allow us to overtake the Gaussianity assumption. Let us now
focus on the clearing of the matched model assumption. Following
the recent developments on this field, in this paper we consider
the following mismatched situation:

e The acquired dataset x = {x,}lL=1 is characterized by the true but
unknown joint pdf given in (7). In particular, each data snap-
shot x; follows a CES distribution with mean value p,, scatter
matrix X and density generator g(t), i.e. X, ~ CESy(p;, X, 8), 1 =
1,...,L

In order to derive an inference algorithm, we assume that each
snapshot of the dataset x is sampled from a CES distribution
with a density generator w(t), possibly different from g(t) for
all t e R*, and a mean value p/(0) and a scatter matrix I1(6)
parametrized by a deterministic parameter vector ¢ ® c RY
to be estimated. In particular, we allow the assumed marginal
model CESy(y,(#), TI(#), w) to differ from the true one, CESy(i;,
¥, g) for every 0 < ©®.

This is a recurring scenario in array processing applications,
where the mean value and/or the scatter matrix of the acquired

snapshot vectors are assumed to be parametrized by a determinis-
tic parameter vector whose components represent the Doppler fre-
quency, the Direction of Arrivals (DOAs) of potential sources and so
on.

The assumed marginal pdf of each snapshot x; can then be ex-
pressed as:

fx(x;0) £ fx(x;; y1(0), I1(9))
= cnwl TLO) | W (X, — Y (@) TL(O) " (x, — 1(8))) (8)

and, by exploiting the independence assumption, the joint pdf of
X = {x,}IL:1 can be obtained as:
(6).11(6))

fx(X; 0) £ fx(X], o X1 }’1(0),
L H 1
= @' [1(O) [ TTw((u = %(0))"11(60) " (= 1(6))) ()
I=1

This scenario clearly represents an estimation problem in non-
Gaussian data and in the presence of model misspecification. Let
0f = 0f(x) be a, possibly mismatched, estimator of the parameter
vector 0 € © derived under the assumed model fy(x; #) in (9) while
the data are characterized by the true model px(x) in (7). Then,
as discussed in [6-8], under suitable regularity conditions, a lower
bound on the error covariance matrix of any misspecified (MS)-

unbiased (see [6,8]) mismatched estimator 9f exists and it is given
by the MCRB defined as:

Co(8r.00) = x| (B 001, —00)"| = 1A~ B0)BB)A0)
(10)

where 6y is the so-called pseudo-true parameter vector defined in
[4-6] as the parameter vector that minimize the Kullback-Leibler
divergence (KLD) between the true and the assumed models:

0o = argmin {D(px|| fy)} = argmin {—E,{In fy (x: 6)}}. (11)
0cO 0O

where D(pxllfy)2Ep{In(px(x))/fx(x;; 0))}. The matrices A(fy) and
B(6y) are defined as:

2 .
[A(00)],.Jé[5p{V$Va lnfx(Xz;ao)}],-Yj:Ep{a]nﬁ(M‘o 0 }

36,06,

(12)
and
[B®)],, = [Ex{ Vo n fi(xi; 6) V5 In fi (x; 00)}]» :

000

For a deep theoretical analysis of the existence. the properties
and the practical applicability of the MCRB, we refer the reader
to [6-9] and to the references therein. The goal of this paper is
to provide a general closed-form expressions of A(6y) and B(f,)
in the aforementioned context. In other words, we aim at deriving
two SB-type formulas for the evaluation of the matrices A(fy) and
B(0) that represent a generalization of the classical FIM for esti-
mation problem under model misspecification. It is important to
note that in the following derivations we always assume the exis-
tence and the uniqueness of the pseudo-true parameter vector 6,
defined in (11). As it is clear from (10) and as it is amply discussed
in [6-8], finding the 6, that minimizes the KLD between the true
and the assumed model is a prerequisite for the evaluation of the
MCRB since all the derivatives involved in the two matrices A(f)
and B(fy) have to be evaluated at 6. Finally, it is worth noticing
that, under suitable regularity conditions on the true and the as-
sumed pdfs, the definition of the pseudo-true parameter vector 6,



n (11) can be expressed in an equivalent form as:

-0,
6=6,
(14)

As we will see in the next section, this equality will be ex-
ploited to evaluate explicitly the matrix B(fy). We note in passing
the similarity between the definition on 6, given in (14) and the
condition in Eq. (9) of [18]. This fact highlights the strong theo-
retical parallelism between the classical matched theory and the
misspecified framework as detailed in [6-8].

9D(px|lfp)

90, i=1,...,d.

_ _p ) dnfxx 0)
0=0, ! 96,

3. Slepian-Bangs formulas under misspecified CES models

This Section focuses on the derivation of the SB formulas for
A(6,) and B(f,) defined in (12) and (13), provided that there exists
a unique pseudo-true parameter vector 6 satisfying (11). We start
by evaluating explicit expressions for the following quantities:

dln fx (x; 0) oln fx (x; 6)
‘/1(00): : s lm] 1" vdv
J 00; 06, a0; 06,
(15)
and
92In fx (x; 6) ..
H(0)=7 s l,]:],...,d. (16)
e 06,06 |,y

The entries of the matrices A(fy) and B(fy) can then be ob-
tained by taking the expectation operator, w.r.t. the true distri-
bution pX(x), of Hu(OO) and Vl](oo), i.e. [A(OO)]U = EP{HU(oo)} and
[B(6y)lij = Ep{Vij(0p)}. Unfortunately, this expectation can be eval-
uated in closed form only in two particular cases, as we will detail
in Sections 3.2 and 3.3. In all the other cases, numerical integration
techniques, e.g. the Monte Carlo integration, could be exploited.

3.1. Evaluation of Vi;(6,) and Hy(6y) and of their expectation w.r.t.
the true data distribution

According to the general mismatched estimation problem dis-
cussed in the previous section, we consider here the general case
in which, for each available snapshot x;, a parametric CES model
fx (X;; 0) = CESy(y;(0), II(A), w) is assumed, while actually each
observation vector is distributed according to a different, possibly
non-parametric CES data model, i.e. X; ~ px(x;) = CESy(n;, X, g).

From (9), it is immediate to verify that:

d1n fx(x: ) __9n|m®)|
06, "o 0 oy,
3G, (0
" Z¢>(Gz(0o)> o)
I=1 0; 0=0,
L Rl
= —Ltr(P?) + Zgb(c?)a—ef (17)
=1 !
where
9 n|II| _
b |, , = tr(M5 1Y) = tr(PY). (18)
with ¢ (t) = w/(t)/w(t) and
LR e (19)

G) 2 Gi(0o) 2 (x; — )OI (% — ¥, (20)

where, for notational simplicity, p° £ y;(6y) and Iy2T1(6,). Then,
an explicit expression of V;;(6y) 1n (15) is given by:

0
Vij(6o) = L>tr(P))tr(P9) — Ltr(Py) qu(co ac
=1
0
— Ltr(P9) Z¢(G° ac
L (e T}
+ E;qb((? 1P (G, ) 89 30, (21)
where:
8G° 10y 0
89,‘ 2Re[(xl - }'[ )HH 89 } - (X - }’1 )HSO(XI - }’1 )
(22)
and
S) = I, ' Mo, (23)

The term H,-J»(OO) in (16) can be obtained, through direct calcu-
lation, from (17) as:

L 9G? 9G?
Hij(0) = Ltr(PYP] — Pj) + ZW(G? 379;8791,
32G0
0
+ Zd)(c )8989 (24)
where:
P?] A Hal/2n?jnal/2 (25)
and ¢’ (t) = w’(t)/w(t) — (W (t))2/w?(t). After having obtained

the terms V;(6p) and Hji(fp), we have to evaluate their expecta-
tions W.rL.t. the true distribution py(x). Since all the derivatives in
(21) and (24) have to be evaluated in the pseudo-true parameter
vector #y, we can exploit the equality established in (14). Specifi-
cally, from (17), we have that:

Dxlf)| im0y N e -
Tao—Ltr(P,‘)—ZEp @ (G 89 =0, i=1,...,d,
=bo =1
(26)
and consequently,
Gle
ZEp{ #(G)) }:Ltr(P?), i=1,....d (27)

Now, taking the expectation operator w.r.t. px(x) of the term
Vii(8p) in (21) and by exploiting the equality in (27), the matrix
B(6y) can be expressed as:

L L
[B(6o)]ij=—L2tr(P))tr(P)+>" Y E,

1=1 m=1

9GY 9GY,
{¢(G?)¢(G° 39 96, }
(28)

Similarly, the matrix A(fy) can be obtained by taking the ex-
pectation operator w.r.t. px(x) of the term Hij(Oo) in (24) as:

oo oo L L 0 0GP AC?
[A(6o)]ij = Ltr (PP} —P}) + ZEF ¢'(G )TQJTQI

8260
+ ZEP{¢(GO 9696, } (29)

=1



As we can see from (21) and (24), the expressions of V;(fy) and
H;j(6) are highly involved from an analytical standpoint, and con-
sequently it is impossible to derive in closed form their expecta-
tions in the general case. As discussed in Appendix A, closed form
expressions can be obtained when the random terms in (21) and
(24) satisfy certain independence conditions. Fortunately, there are
two scenarios of great practical interest in which such conditions
are met and consequently a closed form expression for A(6y) and
B(6,) can be obtained. These special cases are:

Scenario 1: The true marginal pdf is an unspecified CES
model, i.e. px(x;) = CESy(p;, X, g), while the assumed pdf
is a parametric complex Gaussian model, ie. fx(x;;8) =
CN (71(0). TL(®)).

Scenario 2: The Scenario 2 is characterized by two assumptions:

A1l: The true and the assumed pdfs share the same paramet-
ric mean value p;(#) and the same parametric scatter ma-
trix I1(@) while the misspecification is caused by a wrong
assumption on the density generator w(t). More formally,
posit that the true marginal pdf of each snapshot is
given by a parametric CES distribution such that py (x;) £
px(x;;0) = CESy (i, X,8), where p;=yp/(0) and X =
I1(#) for a given € ®. The assumed model is instead
another parametric CES distribution that share the same
parameterization of the true one but may have a different
density generator, i.e. fx(x;;0) =CESy(y;(6), I1(0),w),
0 ®, and g(t) # w(t),Vt e R*. Note that this scenario is
a particular case of the more general class of misspecified
problems discussed in [8], Section ILD.

A2: The true parameter vector # and the pseudo-true param-
eter vector 6 are equals. In particular, 6 is the solution of
the optimization problem in (11).

Note that these two assumption are verified for the scatter
matrix estimation problem discussed in [8].

The Scenario 1 describes a common practice in array process-
ing applications. In fact, when the true data model is unknown, a
prevalent choice is to assume a simple Gaussian model that guar-
antees an easy derivation and a consequent real-time implementa-
tion of the estimation algorithm.

The Scenario 2 is a bit different, since it imply the a-priori
knowledge of the functional form of the true parametric mean
value (@) and of the parametric scatter matrix II(@). There are,
however, a variety of practical applications in which this a-priori
information is indeed available to the user. As an example, one
can think of array signal processing applications in which the a-
priori knowledge of the array geometry leads to a correct specifica-
tion of the parametrized mean value and covariance matrix of the
collected snapshots, while the uncertainty on the statistical distur-
bance model could cause a wrong choice of the density generator.
Of course, there are cases in which also the knowledge of the ar-
ray geometry could be incorrect or partial, and consequently the
assumed mean value and scatter matrix differ from the true ones
(see [7] for more details).

3.2. Scenario 1

In this subsection we provide the SB formulas, i.e. the closed
form expressions of the matrices A(fy) in (12) and B(6) in (13),
for the Scenario 1. We start by noticing that the assumed com-
plex Gaussian model belongs to the CES class, ie. fx(x;0) =
CESn(y,(0), I1(0), w), where w(t) = exp(—t). Consequently, it is
immediate to verify that ¢(t) = -1 and ¢’(t) =0. The matrix
B(6p) can be evaluated from (28) by using the fact that ¢(G;) =
-1:

0 90
061 3G, } (30)

L L
o 2t (P° 0 A5 Aap
[B(oo)]z,j =-L tr(Pl )tr(PJ) + EH;EP{ 891‘ 89j

Following the procedure discussed in AppendixB, the matrix
B(6y) can be expressed as:

L ayo\ "
(B(6o)];; =2 ZRe[(l‘[?Holr? + a}g) m,' =i,
I=1 !

0
X (H?Halr? + ay,>] +L<EQ{QZ} - 1>tr(s?>:)tr(sj?):)

00; N(N+1)
EQ{QZ} 0 0
+Lmtr(si ESjZ), (31)
where:
2 -y (32)

Note that all the derivatives have to be evaluated in the pseudo-
true parameter vector 6, defined in (11).

Let us evaluate the matrix A(fy). From (24) and ¢(G)) = -1,
and ¢’ (G;) = 0, through direct calculation (see also Appendix B) we
obtain:

y 92Go gy0H 990
oclu(9o)éEp{ L }=2Re|: Vi l'I1y’:|

36,00 36; 0 a6;
oH 0877’10 OM_ -1 82}'10
+2Re[rl (Sj 20, +5; 30, II; 36,36,
Hp— -
+r) T2 (POPY + POPY — PY) TV 2r)
+tr[(PPPY + POPY — PO T V2 21012, (33)

Moreover, as in (31), we used constraint on Q. Finally, by inserting
(33) in (24), we obtain:

L '
[A(0o)];j = Ltr(P)PY —P)) — > "’ (o). (34)
=1

The expressions (31) and (34) represent the SB formulas for the
mismatched Scenario 1.

3.3. Scenario 2

This Subsection focuses on the Scenario 2, i.e. the case in which
the true and the assumed pdfs are CES distributions that share the
same parametrized mean value and scatter matrix but are charac-
terized by different density generators. From the proof provided in
Appendix C, the matrices B(fy) and A(6) can be expressed respec-
tively as:

- L 9yo\ " 910
[B(oo)h,j:[B(o)],-.j:IZVEQ{Qqu(Q)}ZR{(aygé) Hola’;}
1=1 ! J

Eo{Q%*¢?(Q)}

NN 1) TP,

Eo{Q%¢?(Q)}
+L< N(N+1)

—1)tr(P,-)tr(Pj)+L

(35)

_ L
[AG0)):; = [AO):; = & (EolQ#' (@)} + NEo[$(Q)}) 3 Re
=1

ay2\" o ayp Eo{Q%¢'(Q)}
X {( 89’,-> nol%)lj} +L<N(N+1) —1>tr(P?Pj?)
Eo{Q%¢'(Q))
N(N+1)

+L tr(PY)tr(P?). (36)



The expressions (35) and (36) represent the SB formulas for the
mismatched Scenario 2. It is worth to recall that the previous two
formulas can be applied only if, in the particular estimation prob-
lem an hand, the pseudo-true parameter vector equates the true
parameter vector, i.e. when 6y = 6. The reason for this restriction
will be clarified in Appendix C.

4. Relationship to previous results

The aim of this Section is to show that the SB formulas de-
rived for the Scenarios 1 and 2 encompass all the previously de-
rived SB formulas as special cases. In particular, both the SB for-
mula for CES distributions under perfect model specification, pro-
posed in [18], and the SB formulas for the scatter/covariance ma-
trix estimation of CES distributed vectors under misspecification of
the density generator, proposed in [8,11], can be obtained as spe-
cial cases of the SB formulas shown here for the Scenario 2. In
addition, the SB formulas for misspecified Gaussian models, pro-
posed in [7], are special cases of the SB formulas discussed here
for the Scenario 1. We note, in passing, that the SB-type formulas
derived in [14] can also be obtained as a particular case of the ones
proposed in this paper in (31) and (34). This can be easily done
by partitioning the unknown parameter vector as 6 = [T, v, @T|T
and by taking into account the particular parameterization of the
assumed mean value and of the assumed scatter matrix supposed
in [14], i.e. y(#) = y(§, ) and I1(0) = M (v, ®).

4.1. The SB formula under correctly specified CES models [18]

The SB formula for correctly specified CES model has been de-
rived in [18]. Using the formalism introduced in this paper, two
parametric CES models are said to be correctly specified if there
exists a vector @ € ®, such that the assumed CES distribution in
(9) equates the true CES distribution in (7). More formally, the CES
model fx(x; ) is said to be correctly specified if there exists 8 € ©,
such that fx(x; @) = px(x) and, in particular, y;(0) = p;, I1(0) =
and g(t)=w(t). As proved in [6], under correctly specified model,
we have that § = 6, and B(#) = —A(6), where B(0) is the classical
FIM evaluated at the true parameter vector 6.

In the following, we will show that the SB formula derived
in [18] can be considered as a special case of the one ob-
tained in Section3.3. In fact, according to the matched model as-
sumption, we can define the true model as px(x) = fx(x;0) =
CESN(y,(0), M(6), w), while the assumed parametric model is
fx(x;0) = CESN(y,(0), I1(0), w) with @ € ®. With this in mind, we
can exploit the result in Eq. (11) of [18], that is EQ{Q,(;’;(QI)} =-—
where ¢(t) £ g'(t)/g(t). Finally, as shown in [6], we have that
B(6y) =B(#) = —A(#) = FIM(#). Then by exploiting (35), we ob-
tain:

[Bw)],J—[FIM(o)],,—EQ{Q¢2<Q)}ZR{(3”’) ii- 12;”}

Eo{Q%*¢*(Q)} S
+L(N(N+])1>tr(l'[ )tr(I1 ;)
Eof{Q%¢%(Q)}

NN

tr(ﬁilﬁiﬁi] ﬁj), (37)
where I 2 (@) and I, 2 dnw) lg_g- It is immediate to verify that
7)

the matrix defined in (37) is exactly the same as the FIM given in
Eq. (20) of [18].

4.2. The SB formulas for scatter matrix estimation under
misspecification of the density generator [8,11]

In [8,11], SB formulas for the scatter matrix estimation in CES
distributed vectors under misspecification of the density gener-
ator have been proposed. It is easy to verify that this scenario
is a special case of the more general Scenario 2 discussed in
Section 3.3. In particular, according to [8,11], the dataset X is con-
sidered to be composed of L independent, zero mean snapshots
distributed as x;~CESy(p, X, g) where p=0 and X =I1(0), for
a given @ ¢ ® that is the true parameter vector. For each snap-
shot, we assume a marginal pdf fx(x;; 0) = CESy(0, II(0), w), i.e.
we misspecified the density generator. Since we aim at finding SB
formulas for the estimation of the scatter matrix itself, we have
that @2vecs(I1(0)) = vecs(IT), where vecs is the operator that maps
a symmetric Nx N matrix IT in a N(N + 1)/2-dimensional vec-
tor whose entries are the elements of the upper (or lower) sub-
matrix of IT. A similar notation holds for the true parameter vec-
tor, and in particular @ = vecs(IT). Note that, in the following, we
assume that the entries of @ (and then of the scatter matrix) are
real numbers. Finally, the results in [8,11] can be readily derived by

(35) and (36) by posing L =1, a}g =0 and Eo{Q¢(Q)} = —N (see
Appendix B):

[B(6o)];j= W[tr(P?)tr(P?)+tr(P?P?)]—tr(P?)tr(P?),
(38)
[A(00)];j = M[tr(P?P?) +tr(P)tr(P9) | — tr(PYPY),

N(N+1)
(39)

where, in this case, the matrix P (or P?) can be expressed as PY =

H(;]A,- = II-'A; where I is the matrix that minimizes the KLD
between the true and the assumed distributions, and then, due to
the Assumption A2, it is equal to the true covariance matrix, i.e.

My =0 =TM(0) = X. A is a matrix defined as A; 2 agiéfv) =9
1 1

4.3. The SB formulas for misspecified Gaussian models [7]

In this subsection, we briefly show how to obtain the SB
formulas provided in [7] by using the general results dis-
cussed here for the Scenario 1. The SB formulas for mis-
specified Gaussian models can, in fact, be derived as a spe-
cial case of the ones given in (31) and (34) by posit-
ing as true distribution the parametric complex Gaussian
model, i.e. px(x;) = CESy(p;, X, exp(—t)) = CN(u;, X), while the
assumed marginal distribution is still given by fx(x;60)=
CESN(y;(0), I1(0), exp(—t)) = CN (p(0), I1(#)). Note that the true
and the assumed density generators are equal and it is simply
given by g(t) = w(t) = exp(—t). This fact can be used to evaluate
the term Eq{Q?} as:

Eo{Q?) = /0 exp(—O)t" 1851 = —[exp(~Ot" TSI
+(N+ 1)/th exp(—)8yLdt. (40)
0
Since, [exp(—t)t’\’“é‘1 15

=0, we have that

Eo{Q?}

(N+])/ N exp(~t)85 Lt

—[exp(—t)tV8 115

+N(N+1) /m tNTexp(—t)8ydt =N(N+1),  (41)
A :



in which we used the fact that [5°tN-! exp(—t)S,g}gdt = 1. Conse-

quently, the entries of the matrix B(fy) in (31) can be readily ex-
pressed as:

L ayo\ "
[B(0o)];; = ZZRe[(H?Holr? - a};> n,'zm;’

=1

i Y
X (H?Holr? + 393)]
+Ltr(SYZSIZ), (42)

where 10 £ u; — y(6p).
4.3.1. The so-called Generalized Slepian formulas [7]: II is constant
w.r.t. 0

In this particular case, we have that all the derivatives of IT
w.r.t. @ are zero. In particular, S; =S; = P; = Pj = P;; = 0. Then, by
posing L =1 as in [7], the entries of the matrices B(6y) and A(f,)
can be obtained from (42) and (34) respectively, as:

[B(@)l;; = 2Re| (2 Hn ixn, 27 (43)
0)li,j = 891 0 89
and
9y H REYY 02
[A(ao)]l,J=—2R6|:< a}é) Halagj:| —ZREI:(I'O)HH()] 89 ge }
(44)

where 19 £ u — y(6). It is immediate to verify that these two ex-
pression are exactly the same of Eqgs. (38) and (40) derived in [7].

4.3.2. The so-called Generalized Bangs formulas [7]: y is constant
w.rit. 0

Here we suppose that the mean value y is independent of
the parameter vector 6, consequently we have that 35’ =0 and
32)289 = 0. Then, if L = 1, the entries of the matrix B(f) in (42) can

be readlly expressed as:
H
(B(Bo)]:; = 2Re[(r[?r151r0) H512H51(H?H61r?)]
+tr(S)TSIE), (45)

from which one deduces straightforwardly Eq. (44) of [7] with
% 2 u — y(6y). Finally, let us now derive the matrix A(6,) for the
particular scenario at hand. From (34), we get:

[AB)]; ;= tl'(P?P?
+tr[ (PPPY + PIP) —

—P%) 1" ;2 (PYPY+ POPY —PY) T, /210

-12 ~1/2
P2, 2. (46)
which is the same as that given in Eq. (46) of [7].

5. Conclusion

The aim of this paper was to provide SB formulas for CES dis-
tributed data under model misspecification and thus to fill a the-
oretical and practical gap in the Signal Processing literature. Fur-
thermore, we have shown that the proposed SB formulas encom-
pass all the previously derived expressions as special cases. More-
over, these new SB formulas involved relatively slight modifica-
tions with respects to the classical counterpart obtained for Gaus-
sian and correctly specified data models with only an expectation
of some scalar functions to derive or to evaluate numerically. The
practical importance of the proposed expressions is in the fact that
allow us to easily evaluate Misspecified Cramér-Rao Bounds for a

lot of applications that are characterized by a non-Gaussian and
heavy-tailed data behaviour along with a model misspecification.

Future works will focus exactly on the application of the de-
rived SB formulas to a plethora of engineering problems such as
the Direction of Arrivals (DOA) estimation in array processing and
the structured (i.e. Toeplitz) covariance/scatter matrix estimation
for adaptive detection algorithm in non-Gaussian scenarios.
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Appendix A. Some considerations on the expectation of the
terms Vj;(6o) and H;(6,)

The aim of this appendix is to show under which conditions
the expectations Ep{V;j(fo)} and Ey{H;(6y)} could be evaluated in
closed form.

Keeping in mind the Stochastic Representation of a CES dis-
tributed random vector Xx; given in (2), let us define the vector

=Tu,. Then, by recalling that r) £ g, — y? (see (32)), the term

ac
=g in (22) can be rewritten as:

G} Iy’ ! 10172 0 172 Hy OV
ael:—<891 HO (Q‘i Zl+rl) (Q‘i Zl+r) HOW

172 1/2
— Q%7+ ))"SY(Q %z + 1)

where S? is defined in (23). Let us define the following vector and
scalar quantities:

(A1)

0

by = 0t + T 71 (A2)
1

and

N 1 OV Iy’ ! 1,0

Ay = (e)HSIr) + ()P G! 30, \ 78, I (A3)

Then (A.1) becomes

G} HGO 1/2,H 1/2H

W =-Qz'Sizi - Q7' hy - Q7 hyz - Ay (A4)

Note that, according to the Stochastic Representation Theorem [2],
we have that Qf 2 =4 R and Q; =4 Q. Consider now the term
Ep{d)(GO)a } By exploiting the expression in (A.4), we have
that:

oG
{¢(G° - } ~Ep($(G))Qzf's{2,)

—Ep{¢(GNQ 2"y} — Ep((G)Q*hijz}
—AiEp{@p(GD)}. (A5)
It must be noted now that, since G? has been defined in (20) as,
2 (x — YOG (% — ¥D) = (Qz + )M IS (Q %z + 1))
(A.6)

the random variable ¢>(G?) and the other random quantities Q,]/2
and z; are mutually dependent and consequently the closed form
evaluation of the expectation operator in (A.5) is not feasible.
Similar considerations hold true for all the other terms involv-

ing the expectation operator w.r.t. the true pdf px(x), that are
3G? 5o ileiled
Ep{ #(G)@(GR) 5t H | for Ex(V(80)) in (21), Ep{¢>’<c°)(,9 )
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2¢0
and Ep{q}(G?)aaTg’&j} for Ep{H;(6p)} in (24). There are, however, two

important cases in which d)(G?) is statistically independent of QIU2
(and consequently of Q;) and z;: these are the Scenario 1 and the
Scenario 2 which are discussed in the following Appendices.

Appendix B. Proof of the SB formulas for the Scenario 1

As discussed in Section 3.2, in the Scenario 1, the true marginal
pdf is an unspecified CES pdf px(x;) = CESy(i;, X, g), while the
assumed one is a parametric complex Gaussian pdf fx(x;;6) =
CN(y(0),11(0)). As a consequence, ¢(G;(0))=-1,V0 ¢ ® and
then it trivially satisfy the independence condition discussed in
Appendix A. In order to obtain a closed form expression of the ma-
trix B(y), the second term in (30) can be rewritten as:

L letTe Nl NI F:Te - Te 1) aGY 3Gy,
2 ZEP{ % T@}=ZEP{ 7 Te,.}+2 2 EP{ 7, Tej}
=1 m=1 =1 1=1 n:];l

(B.1)

By using (A.4) and the Stochastic Representation Theorem, when
[#m we have that:

E {%ﬁ%@%} = E3{Q}Ep{2'SVz | Ep {2} S2m |

+Eof{Q) (AjmEp{2]'8)z,}

+AEp {27892} ) + AAjm, (B.2)
where A; is defined in (A.3) and where we used the facts that z;

and z,, are independent and Ep{z;} = Ep{zm} = 0. When | = m, the
term in (B.2) has to be recast as:

G2 9GY
{ae’ae’} = EolQ}E, (2/'S{22{'s}2 )
+Eo{Q} (AjEp {2021} + AuEy {202}
+Ep{zi'hyhiz)} + Ep{hizizhy}) + AyA,
(B.3)

where h;; is defined in (A.2) and where we used the fact that the
third-order moments of u; (and then of z;) vanish (see Lemma 1
in [2]). Moreover, as a consequence of the circularity property of z,
[2], the following equalities hold:

Ep{ziz]} = Ep{z;zl'} = 0 (B.4)
Ep{Z{-lh“Z’thl} = Ep{hﬂzfzf’hﬂ} = (BS)
Ep{hfzh ],zl} = Ep{hfz/z] h],} = (B.6)
From the properties of the trace operator, we have that:

Ep{z]'$Yz;} = N"'tr(SPZ), (B.7)
Ep{Z;-IhﬂhZZ[} = N_ltl'(h“hzZ), (BS)
Ep{hflezlhj,} = N‘ltr(hj,hg):), (Bg)

while, by exploiting exactly the same procedure used in [11,20], it
can be shown that:

tr(SYX)tr(SVX) + tr(SY LSV X)
N(N+1)

Another useful relation can be obtained by exploiting the equal-
ity in (27). In fact, by combining (A.5) with (27), we have that:

Eo{Q}Ep{2/'S'z)} = —tr(P?) — Ay, i=1,....d, (B.11)

Ep{z/'S)z2/'s%,} = (B.10)

and then, from (B.7) and from the identifiablity condition for CES
distribution assumed in this paper, i.e. Eo{Q} = N, we obtain:

Ag = —tr(P)) —tr(SPE), i=1,....d. (B.12)
Using (B 11) and the condition Eg{Q} =N (and consequently
E2 51Q} = N?), the term in (B.2) can be easily evaluated as:

3GY 9GO

L Zm 0 0
E 30, 30, } = tr(P; )tr(P]).

(B.13)

=

Similarly, using (B.12), (B.8), (B.9), (B.10) and the condition Eq{Q} =

N, the term in (B.3) can be expressed as:
9GY 3G
Ep 5 9{ ael} tr(P))tr(P9) + tr(h;h§ X) + tr(h;hj ¥)
i 0Uj
Eo{Q?} 0 0
+ (A](IV-F]) -1 tl'(sl- Z)tr(S]Z)
+1tr(S)TSIX) (B.14)

Finally, by combining all the previous results, we have that:

W [t ach
(990 0,
e 90; 00;

} = L*tr(P))tr(P9)

L
+ 3 [tr(hhlf ) + tr(hyh )

=1

+L( Eo{Q? }) - 1>tr(s?2)tr(s?z)

NN +
Eo{Q?}
N(N+1)

from which (31) follows immediately. Regarding the calculation of
the matrix A(6y) in (34), no particular simplification can be made.

L tr(S)ES) T, (B.15)

0
Specifically, the term Ep[ 9090 (,9 ] in (33) has to be obtained through

direct calculation from (A.1). Slnce the derivation is long, tedious
and does not add any insightful considerations about the problem
at hand, we decided to not report it here.

Appendix C. Proof of the SB formulas for the Scenario 2

As previously discussed in the paper, in the Scenario 2 we
suppose that the true marginal pdf is given by a parametric CES
distribution such that px(x;) _px(x,,ﬂ) CESN(m, X,8), where

=y (6) and X = TI1() for a given @ € O. The assumed pdf is it-
self a parametric CES distribution that share the same parametriza-
tion of the true one but may have a different density genera-
tor, i.e. fy(x;;0) = CESy(p;(0), T1(0),w), 0 < ®, and possibly g(t) #
w(t), Vt e R*. In order to guarantee the correct identifiability of
the true and the assumed CES distributions, as before, we may im-
pose a constraint of both the modular variate, that is:

Ep{(x — )71 (% — )} 2 Ep{ (%, — 11(0)'T1(6) !
x (X, —y1(0))} =Eo{Q} =N, (C1)

Ep, (X — y(0)"T1(0) " (x,

Let us suppose now that, for a given true pdf pyx (x;) £ px(X;; 0)
and for a given assumed pdf fx(x;; @), the pseudo-true parameter
vector 0, equates the true parameter vector 6, and consequently,
from (14):

0=0 }

- 1(0)} =N,V0 € ©. (C2)

9D(px|lfp)

90, i=1,...,d.

E {8lnfx(X; 0)
— g, P 0)
i 90,




Under this assumption, we have that:
G & (x -y (% — ¥D)
= (X -y (@)"IO) " (x, - »(0))
=X -m)"ETT (- ) 2 Q=q Q=R (C4)

and consequently, the Stochastic Representation Theorem allows us
to write the following equality:

X — le =X — M =¢ RTu; =4 Rl'[(l)/zu,. (CS)
where y £ y(6y) and To£TI(fp). It is worth to highlight that the
equality chains in (C.4) and (C.5) hold true if and only if 6 = 6. We
are quite confident that, in the context of Scenario 2 (i.e. when the
misspecification is only due to a wrong assumption on the density
generator), the equality 6, =@ always holds true. Since we have
not a proof of this fact yet, we considered it as an assumption (As-
sumption A2 in Section3.1).

As a consequence of (C.4), the expectation of functions of GP?,
say h(G?), can be explicitly derived as:

Eolh(@) = [ h(©)po(rde =&, [~ hre* g(erdr
= Eo{h(Q)}, ¥l e N, (C.6)

Since such expectation does not depend on the index [ and on the
unknown parameter vector 6, in the rest of this Appendix we al-
ways indicate Eg{h(G?)} simply as Eq{h(Q)}.

As in Appendix B for the Scenario 1, in order to obtain a closed
form expression of the matrix B(f), the second term in (28) can
be rewritten as:

L L
9G) 9GY
> ZEp{qs(G?)qs(G?n =3 g
P 00; 00;
L
9GY G0
=YE, ¢2(G°)l’}
E { 17796, 00;
L L
9G? 9GY
+Y Y Epd ¢(GP(Gh) ot = b (C7)
90; 00;

=1 m=1,
m#£l
0
The term 83% can be easily obtained by firstly taking the deriva-
1

tive of the terms in (22) and then by substituting in the obtained
expression the Stochastic Representation of the difference vector
x; — y{ in (C.5), we have that:

86? 12 8710 " -12 H 71/28}’10
80i__ 20, I, “u +u/'II; 20,

Hpo
- Qu;'Pju,.

(C.8)
Let us now recall from [18] the following three equalities:
tr(Pl)tr(P]) + tr(P,PJ)

Ep{llflpill]llf.lpjll]} = NN+ 1) (C9)
and
Ep{ul’Piu;} = Ep{tr(Piujul’)} = N Ttr(P;) (C.10)
and
Ep{(ul’a)(ul'Du))} =0 (C11)

for some vector a and hermitian matrix D.

By substituting (C.8) in (C.7) and by exploiting the equali-
ties (C.9)-(C.11), and remembering that Ep{wuf'} = (1/N)I (see
Section 2), we get:

L L aGO 8631
> Ep{¢<c?>¢(c9n aeia(,j}

=1 m=1

2E{Q(Q)} & (8r{’>” Ly
=== =/ Re| | = | ;' '~
N ; 36, ) 0 38,

E 242
) W (tr(P)tr(P) + tr(P;P)))

{Q9(Q)}

2
fe-nte (PO (P)). (C12)

Let us now impose the equality in (27). In particular, we have
that:

L ley L
ZEp{¢<G? 39’,} = —Eo{Qp(Q)} Y Ep
I=1 !

=1
aylo " 12 Hyy—1/2 3710
X (89, HO ll[-Fl.l,HO 36;

L
—Eo{Qp(Q)} Y Ep{uf'Pu;}
=1

= —IN"'Eq{Q¢(Q)}tr(P)),

where we used the fact that the fact that Ep{u;} = 0 while the last
equality follows from (C.10). Then, by exploiting the equality (27),
we obtain the following relation:

Eo{Qé(Q)} = —N,

where ¢(t) =w/(t)/w(t) and w(t) is the density generator of the
assumed CES distribution fy(x;; #). Finally, by substituting (C.14) in
(C12), and then replacing the obtained term in (28), we get the
closed form expression of the matrix B(f) given in (35). The eval-
uation of the matrix A(fy) in (36) fol!)owg directly from the gigect
calculation of the terms E%W(Gf’)%—%%} and Ep{q’)(G?);?g’ej}.
In particular, all the derivatives have to be evaluated from (22),
while, to evaluate the expectation operator w.r.t. the true distribu-
tion px(x), one has to use the Stochastic Representation in (C.5) by
keeping in mind that @ = 6. Since this calculation is tedious and
not informative, we decided to not report it here.

(C.13)

(C.14)
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