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First principles in mathematics as data and as vincula:
A critique of Thomas Reid by Dugald Stewart'

Claire Etchegaray

The Scottish Common Sense School was keen to draw an analogy between
mathematics as a system and the general logics of the mind. It did so in order
to understand what the evidence of judgment and of reasoning consist in. That
is a feature by which, according to Richard Olson, the Common Sense School
‘diverged from its Baconian foundations to adopt an almost Cartesian stance’,”
presumably under the influence of ‘the great emphasis placed on the axiomatic
basis of mathematics by Luclid’ brought to the fore through the English
translation of the Efwents by Robert Simson (published in 1756) as well as
his works on Greek geometry. Thus, at the beginning of the Fast Essay on
the Intellectnal Powers of Neu, Reid credited mathematicians for ‘having had the
wisdom to define accurately the terms they use, and to lay down, as axioms, the
first principles on which their reasoning is grounded”.” He wished to do the
same in the philosophy of the mind, by clarifying basic terms and laying down
the proper principles in the many different domains of reasoning, Given that
the philosophy of common sense aimedataccounting formental operations in
each domain, one of the issues it had to address was mathematical reasoning,
Thus, a leading thread can be noticed, that goes from mathematics (especially
Euclid’s Elements) to common sense principles, and then from common sense
psychology and the logics of the mind to mathematical reasoning again.
Dugald Stewart was well aware of the issues that derived from this give-
and-take, and he devoted quite a lot of work to understanding its merits and
its limits. According to him, the theory of mathematical reasoning which was
a part of a philosophy of the mind, the latter being inspired by a mathematical

' This article was supported by a grant from the Fonds National Suisse de la
Recherche—Project 100011-117839. Claire Etchegaray wants to record her gratitude
to Jennifer Keefe, David Stauffer and Cairns Craig for their readings, and to Danel
Schulthess for his supportive comments

Richard Olson, Seottish Philosophy and Biitish Physics, 1750 1880: A Study in the Foundatiois
of the Vidarian Scicntific Shle, ch. 3 (Princeton, 1973), 35.

* D. Brookes (ed), Thonws Reid, Ecays on the Intellectual Pawers of Man (Edinburgh,
2002), Fiest Essay, chapter 1, 17. In this article, the reference will be abridged in the
following wav: /P, 1.1 B 17.



model, should have been more cautious in the conception of ‘principles’
and ‘axioms’. Tt is in this context that he developed an original and searching
critique of Reid’s thought.’

Stewart identifies an ambiguity in the Reidean concept of ‘first principles’

- which, according to him, leads to an unsatisfactory account of mathematical
evidence. In doing so, he brings forward the issue of foundations in
mathematics in a very different way than Reid’s, and opens the way for
further considerations on systematical axiomatisation later in the nineteenth
century. First principles were indecd for Reid the source of cvidence of
the judgment. Fle focused on the question of mathematical foundation by
analyzing the evidence upon which reasoning is founded: in other words, he
was interested in the warrant of mathematical assent. With Stewart, we move
from this question to the following one: how must the body of mathemasical
science be framed? Stewart focuses on systematical foundation and not only
on psychological foundation, because he requires a distinction between first
principles as elewental truth which ace taken for granted, but not sufficient to
infer some specific conclusions, and first principles as firsz data which have to
define the objects of the subsequent reasonings.

This critique is but one of the pieces of Stewart’s general attack against
the widespread view that the principle of identity is the only foundation of
mathematics. Dealing with mathematcal demonstration, in the second vol-
ume of the Elewents, Stewart indeed criticizes the theory, which according
to him is commonly reccived since Leibniz, that ‘all mathematical evidence
ultimately resolves into the perception of identity”.? He thinks that this the-
sis (I shall call it MI) leads to skepticism in mathematics and consequently,
as mathematical evidence was traditionally regarded as the highest kind of
evidence, to an even more radical skepucism. If (MI) is right, he argues, then
mathematical judgment would be tautologic or nugatory, and mathematical
reasoning would fail to make us discover any unknown properties. Stewart

* Dugald Stewart’s father, Matthew Stewart, was Simson’s student and friend. Matthew
Stewart was Professor in Mathematies in the University of Edinburgh, although at
the end of his career (from 1773 1o 1783) a severe illness constrained him to be
supplied by his son. So Dugald Stewart’s reflexion on mathematics is not from a
distance. HMis background includes the practice of his father, that of his friend John
Playfair, as well as his own practice as a teacher in mathematics,

3 Elkwents of the Philosophy of the Flman Mind, Second volume (1814), Part II, ch. 2,
section 3, article 2 (in Sic William tamilton (ed.), The Collected Works of Dugald
Stewart (Edinburgh, 1854), 123. In this article, this reference will be noted : Eenrents,
Vol. 2 (1814), 1Lii.3-2, 123.



quotes the end of Diderot’s Letter on the Blind' as the paramount of the skep-
tical argument:

Put the question to any candid mathematician, and he will acknowledge,
that all mathematical propositions are merely identical; and that the
numberless volumes written (for example) on the circle, only repeat
over a hundred thousand forms, that it is a figure in which all the
straight lines drawn from the centre to the circumference are equal.’

Reid on mathematical knowledge

Actually, Reid did hold that trifling truth is not qualified to be knowledge.
In a Lockean way, he demanded in the Sixth Essay, that axioms should be
distinguished from trifling propositions. Axioms are characterized by self-
evidence, and dignity and utility as well, while identical propositions are so
‘rifling” and so ‘surfeited by truth’ that ‘no knowledge can be derived from
them’. Reid subscribed to Locke’s opposition to the view that ‘all our knowledge
is derived from these two maxims, to wit, whatever is, is; and it is impossible
for the same thing to be, and not to be’* Besides, in Reid’s view, evidence
of reasoning must not be reduced to axiomatic evidence. The latter is the
ground of assent to propositions believed as soon as understood; the tormer
is the ground of assent to conclusions drawn from these already known and
believed propositions (properly called reasons or premises). Therefore, according
to Reid, the confusion between an unfruitful syllogism and a proper abstract
reasoning has to be avoided. A syllogism only develops in an untruitful way
the axiom of necessary logical truth that ‘“what is affirmed of a whole genus,
may be affirmed of all the species and individuals belonging to that gewus;
and that what is denied of the whole genus, may be denied of its species
and individuals’” On the contrary, proper abstract reasoning discovers some

* ‘Letter on the Blind for the Use of Those Who See’, Diderots Early Philosophical Warks,
trans. Margaret Jourdain (New York, 1972).

Deais Diderot, Latteron the Blind, quored by Stewart in Edwents, vol. 2 (1814), Appendix,
Article 1, 407, CE Lattre sur fes arengles (Paxis, 1972; 1749), 124,

* 1P, VL7 B 521.

? A Bref Acconnt of Aristotle’s Lagic, ch. IV, sect. 4, in Alexander Broadic (ed.), Thomas
Reid on Engic; Rbetoric and the Fine Arts (Edinburgh, 2004), 125. As early as 1733,
in an oration delivered in \berdeen on Apriil, 9, Reid argues that the syllogism is
uscless in the sciences in general and especially in mathematics. He observes: “If
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new truth because from mathematical conceptions which are ‘wue and
adequate’, it deduces some properties inseparable from the nominal essence
of the mathematical objects conceived. “I'here is nothing belonging to a plane
triangle which is not comprehended in this conception of it, or deducible
from it by a just rcasoning’."

Indeed mathematical truths can be farsied because the application of
this genus-axiom makes us conceive properties which we did not conceive
before, although they are inseparable trom the nominal essence of the object
conccived.

As is well known, although Reid attacks the ‘way of ideas’ regarding
judgment and reasoning about existential or contingent things, he admits
Locke’s theory of abstract reasoning provided that ‘ ideas’ be only acts of
conception and not mental objects of conception. Indeed the only real abjects
of mathematical conceptions (or ideas), according to Reid, are the primary
qualities of things: extension, figure, movement (and, we might perhaps add,
duration)'. More accurately, mathematical conceptions are wuiversals, which
are formed by abstraction. We perceive such and such extensions, such and
such figures; and though they are never perfectly circular or triangular, we are
able to form general conceptions joined to a general word (‘circle’, ‘triangle’, and
$0 on) as its sign. As mathematical judgment is ontologically neutral, its truth
depends only on connections between the notions that are implied. Note that
Reid accounts for the origin of the idea of wumber in accordance with this
thesis. A number is a conception needed to compare conceived durations,
extensions, and so on. Because of the quantitative nature of the prisary
qualities, their weson (common measure) is a wefron (quantitative standard).”

In any case, this account of mathematical reasoning implies that at the
starting point the mathematician may so/ conceive intuitively of all the properties

in anv section of philosophy, certainly in mathematics, dialectic ought to bring
aid and yet mathematicians, whe fir ceryone’s apinion yeason in the proper manner, reject te
Syllogistic pomp and apparatus as a nseless hindvanee. (First Oration, Speech delivered in the
public anditorinm of Kings College, Aberdeen, 9 Apiil 1753, in The Phitosaphical Orations
of Theamas Reid Delivered at Graduation Cerenonies in Kings Collige, AWberdeen (Carbondale
and Edwardsville, 1989), 37.

MOIP IV B 304,

" IP IL1T B 203

1 Cf 1P, 111.3 B 239. Reid alsa natices that (integer) number is not always sufficient to
measure agreement or disagreement between primitive qualities. Reid, like other post-
empirical philosophers, is aware of the issues enmailed by irradonal and imaginary
numbers; hence he says (in contrast with Hume) that the agreement is evaluated with
ratio vather than wmits (IP, B 546).



wiich are nonctheless inseparnblc fom the mathematcal conception. \Ve
might attempt to salve the parndox in distnguishing tluec wars of conceiving
a mathematical abject, Fr instance, a tiangle: (a) the conception of nominal
essence that is the defnition which dedure includes cvery prnpen:y of the
triangle; (b) the conception which is de fido limitcd by nature (that means: br
the nature of the constitution of the human mind) but which is deJiire the
conception that every mathematician s/oll/dhave, namcly: the dear and distnct
notion which is correlati,e to sound Judgment and right reasoning;® (c) the
rr Fido conception which is relatve to individual skills and understandlings,
and which ttlll)10/ be a standard in Rcid's view. The frst conception (a) is not a
transcendent idea: it is a mental act that the minc should accomplish although
the limitations duc to human finitude preclude its bcing clone T1UNriak/. The
genus-principle is the means by which we shal be able to have a conception
(b) of what is comprehended in the conception (a).*

Nlthough Reid attcmptcd to account for the status of mathcmatical
reasoning as an il(bomJ(I/il'" applcation of the genus-principle, Stewart thinb
that Reid did not save it from skeptical threats, because hc made two major
mistakes. First, he did not explain clearly the sense of the word 'principlc’;
second he wrongly held that mathcmatical cvidence was intuiti\'e. The next
sections arc devoted to thcse pointss.

Stcwart's discussion of the role of the principle of identity

Stewart thinks that past philosopher: did not realize that the principle of
identity was not suffcicnt bccausc they did not grasp the distinct mcanings
of the word 'principle’. Reid in particular cnterrained the confusion. Past
philosophers Filed to use properly the meaning of the prilltipl+ of identity, and
thence did not pay attention to the systematical requisites of mathematics as

" Cf /P, \'I B307.

L. The sland:ird of trth, accor<lng 10 Reid, is nor n:lative 1indcr,a,inding but ncce:sary
conception, for objective mcanings of the conception of the subjecr and the
conception of ntlrilmtt: have to be compared in ordcr to ycld ncces,ary relations.
This is the reason why he opposes the ri‘-.Ji,.-to principlc of conceivability, which hc
interpr:ts as a principk in the "'["Y proper « J lumc, Frinstance ill rhc foUo\'ing texr
. ' Ilthcmaiicians have, in many cases, pro,-e<I some dungs to be possible, and othcrs
to be impossible; which, wilholll <lemonslration would not ha,-e bcen belicved: \et
I have nevcr found, that any :falhem:lticbn has attempted ro prm.c a lhing to be
possible, because it can be concci,ed: or impossible, be r-use it ynnot be conceivnl"

(TP, I\'3 B .DO-.H3).



a body of knowle<ige. Thus, Stewart inquires into the grounding of (M) in
order to point out the origins of its plausibility, but then objects to them. The
origins, and consequcntly tlle objections, are twoTold.

(1) (MI) can be interpreted as a consequence of the thesis that 'the axioms
of Euclid are the j,:tprilriles of ail our subscquent reasoning in geometq'
(call it AxP), and more generally tlrnt axioms are tlie Fundations on which
any of the sciences is built—inclucing matheratcs. Indeed, Euclidian Axioms
or 'Common Notions' (as, for instance, 'the whole is greater than its part' or
‘things equal to the same thing are equal to one another’) might be considcred
as identical propositions. The link between (AxP) and (MI) had been sustained
by Alexander Campbel who argued tlrnt Euclidean axioms are 'ail in some
respects recluciblc to this axior, "whatever is, is* becausc they are mere
'particular exemplifcations of that axiom'. In dus respect, Campbell agreed
with Locke's views on axioms that, although an axiom can be enunciated in a
gcnernl proposition, it is already assented to in a particular instance. Thongh
Campbel die concede that 'if axoms were propositions perfectly identical, it
would be impossible to advance a step by their mcans' because no knowledge
can be drnwn fom any proposition whcre the predicate is the same as the
subject, be assumes

[\'1hen the thing, though in effect coinciding, is considered under a
different aspect; when what is single in the subject is divided in the
predicate, and conversely; or, when what is a whole in the one is
regarded as a part of sometlung else in the other; such propositions
Icad to the discovery of innumernble and apparently remote relations.15

But according to Stewart, (AxP) is wrong, because, thcse propositions (or
Common Naotions), which are no less cssential in arithmetic tirnn in gcometry,
do not celineate any domain of abjects.

I _herefore, to explain in what manner the m.nd makes a transition, in
the case of numbers, from the more simple to the more complicated
cguations, throws no light whatever on the question, how tlle uansition
is made, either in arithretic or in geometry, from what are properly
called axioms, to the more remote conclriions in these sciences.'t

. .\, Campbel, Phi/oJofl!- nf RNI0LI0, quoted b\' Ste\'art, E! " NIfr, \'ol. 2, 11i.1, 27 -8.
" E/,LL, Vol 2,11, 1, 29-.0.



(2) (MI) can also be interpreted as a conscquence of another thesis, that ‘the
geometrical notions of tqllnli(y and of toilridmrr are the same' (call it EC). This
tme, Stewart concedes Uiat (EC) is a torrrtl nssiliptioll. But because of the
confusion of identit) with eguality, it was ulought that in geometry :ind in
arithmetic the nund always states mere identities. Two reasons lead Stewart to
object to the view that identity and equality are synonymous. Fist, if uley wcre
synonymous, somc mathematical conclusions would be absurd. Thus, Stewart
says, that the area of a cicle is equal to the arca of a square does not mean
Uiat they are idcntical. This example shows that Stewart takcs 'identity' to be
an idencity between the objects conceived. He does not deny that mathematics
confatcs 'equivalences' and ‘equalitics'. In arithmetic in particular, he agrees
that the mind per®rms a merc ‘comparison of different expressions of Ule
same quantity.'7 But—and ulis is the second reason—cven if ail mathematical
propositions (which ail express equalities) could have the form of ule
proposition of identit:y a=a, the infFrence itself could not be reduced to an
identirnl proposition.

Grnnted, for the sake of argument, that all mathematical propositions
may be represented by the formula a=a, it would not therefore foUow,
urnt every step of the reasoning Icaclng to thcse conclusions, was a
proposition of the s:une naturc?®

The evidence being ule ground of assentto the (alleged 'identical’) proposition,
is not an identical proposition itsdf Even if idenccal propositions could
express mathematical truths, as in arithmctic, Uley cannot constitite
mathcmatical evidence.

Thence the FUowing questions occur. Firstly, what are the frst principles
of mathematics accorcling to Stewart, and how could Uley delineate some
specifc obiects (either in georetry or in Inathematics)? Secondly, where does
the cvidence of mathematical rcas9ning come fom?

The frst principles in mathematics

The expression ‘first principlcs' is a legacy of Reid's. 1\s is well known, Reid
begins the Essqp 01 the lutdlet/tm/Powers by listing some principks that every man

7 EKlitlfs, Vol. 2, 1Li. 1, 28.
® Elmml/;, vol. 2, 11ii.3.2, 129.



ought to 'take Fr grnnced' in so far al he is not lunatic’i. They are mentioned
at the beginning of the work, because they nre points of minimnl agreement
bettieen the author nnd his readers. They constitutc both the 'fFundation
of nll rensoning and of nll science' and 'the tolit1101 sn,sr* without which any
discussion would be impossible. As Reid previously saie in the IngLilJ

IT there are certain principlcs, as | think thcre are, which the constimton
of our nature leads us to bdieve, and which we are under a nccessity to
take for grntcd in the common concerns of lifF, without being to give
any rcason Fr thcm; these are what we cnll the principle of conunon
sense; nnd what is manifestly contrnry to them, is what we call absurcl?'

As no discussion is possible with the Fool, no discussion is possible with the
man who sustains absurdites. Herc is Reicl's strntegy against the skeptc: he
tries to make the skeptic conce<Ic that in lus mental operntons, he alwnys
ncknowkdgcs the truth which he denies in words. rccording to Reid, even
the skeptic, as well in his mental nets ns in his prnctical conduct, takes for
grnnted that he is a sei; that his Fculties are not deceptve nnd that there is an
exre ral wodcl. His answer to the skeptic consists in bringing him to admit Fr
himsdf that he docs so. And then, once the skcptic is constrained to bccomc
nware rhat he recognizes ellidellre as njlist groml(/ of belief, he must admit timt
the principles tokm Jor gmnted are principles of tmtb, that mcans principles
which hc (the skeptic) takcs as true. This is the renson why, in the Sixth Essq)’,
Reid is prepnrcd to enuncilte principles of contingent uuth and afterwnrds
principles of necessary truth. In mathematics in particular, these principles are
tlle well-known axioms that 'fom the days of Euclid', 'mathematicians have
very wisdy laid down'?

Notwithstnnding, Stewart thinks that th.is account is not suficient to
undcrstand the mental operntion of reasoning—especially those of abstrnct
reasoning—because in his view Reid con®sed tio very distinct meanings of
'principle’. The Latin couple da/t11t / tittm/i111 is used by Stewart to clistinguish
them. By data in the rensoning, he understands that from which the reasoning
procecds (typically, the stnrting prenlscs). By tittmIn hc means what is requircd
to make an inference (ns 'links' uniting the reasoning). First plillapls may be
first data of rensoning, nnrelr premises, rensons. In this sense aptiliplris an

w11 T.2,
., fog, 11.6 B 33.
2 JP,\'l.6 B 491: 'E, cry one knows there are marhcmalic.ll axioms'.



'assumption ... upon which, as tla/lilll, a train or reasoning proceeds.'?? ButJ,:.!
printiles may clenote something else, namely the lillmla (the chains or links)
in the reason.ing. In this sense, a frst principlc is what is taken ¥r grantcd in
the exercisc of reasoning in order to per®rm an infrencc. Vintlla of Inunan
rcasoning are 'those ewm,tal truths...which are virtually taken for grnntcd
or assumcd in every step of our reasoning; and without which, although no
(0JsfilImtes can be directly infrred from them; a train of reasoning woulJ be
impossible' - For instance, belief in our own identity, or cvidence of mcmory
which Reid holds as principles 'taken for grmnted' and principles of contingent
truths are only lilmll, and not dilkl. Ther are, according to Stewart, the
"Fnclamental laws of bclcf' without which neither judgent nor reasoning
about reality would be possible.

In the rest of his work, Stewart calls "frst principles’ only the data, and
‘elemental truths' only the lilltll?. 1\ccording to Stewart, the frst principlcs
(as data) in mathematics, arc the I,potbetiml dejllitiolls, whereas Euclid's Axioms
(Common Notions) are the lillmla or ‘elemental trutlls' of mathematics. The
‘Conunon Notions' are prccisely so common that tlley cannot afford data
upon which a specifc science (about specific abjects) may be built. Euclid's
Axioms are so universal that they do teach us nothing at aU. They would be
reduce<! to the useless 'trifling propositions' pointed out by Locke and Reid,
were they not so IImssaO. For mathcmatical evidence depcnds on them. But
thcy are not suffcient. Beside them, reasoning needs some data to fx what it
is about: by way of hypothetical defnitions, as we shal see.

The simple arithmetical equations 2+2 - 4 ; 2+3 = S, and other ele-
mentary propositions of the sare wrt, are (as was formerly observed)
mcre rellitiolls ; perfectly analogons, in this respect, to those of tlle
beginning of Euclid ; and it is from a few fundamenral principles of
this soiit, or at least from principles which are essentially of the same
description, that ail the more complicated results in the science are
derived.?

Now, Stewart's distnction bctwecn hypothctical dta on the one hand, and
logical lisiml: on tlle other band, is striking not only bccausc it is a point of
disagreemcnt betwecn €10 Common Sense philosophers. It is also a mattcr »f

" ELNLS ol 2, 1Li.1 -2, .6.
" Ibic., 37.
" Elmmgt, TLA..; 1, 121,



philosoplucal sigltufcance Fr it opens the way of assjgning contingence to the
Frmer, and evidence to the latter.

The frst data are hypothetical defnitions

Stewart critizes the (Lockean and Reidean) thesis that first principles, as
frst definitions, must be inmitively certain. Por Reid, a 'true and adequate’
conception wasan intuitiveconcepton of thenomina\essence of mathcmatcal
abjects. Thus, in the Fourth Essqy ox the Tu B ler/1/Pouity., Reid says that the
conception of a planc triangle as 'a plane surfce bounded by three right
lines' is nltogether 'truc and adequate’® Aliwugh the human mjnd of the
mathemnrician could not i.mmecliately grnsp every Fature of the nonunal
essence of the triangle, he has a ilistinct notion of it if tus notion is snch that
evcry prnpeny of the mathcmatical object is incinded in it, at least deductively.
So, according to Reid, the mathematician has an immediate conception of
some essence, ulc propcertics of which he is not complctely aware. For Stewart,
on the contrary, it is enough to assume some hypothesis as Frst data, provided
urnt they nre jointly consistent and do not express any impossibility. Inclusion
of propcrties in the first mathematical dcfinitions is not a standard adapted
to providc us with absolutcly truc defiutions: it is only a standard for the
correctness of the deduction fom hypothetical data, namely a standard r
conditional truth.2

s 1biJ,, 113-15.

w1, T.11330-

27 Ste\'ut found the disunction bet\'ccn absolme tculhs and conJitional truths in Pierre
I'relost's Ess"is ,f, philosophtr (1804), a Swiss philosopher with whom he regularlr
correspondcd, as somc manuscripts in the Librrr of Gene\a attest. Prcvost had
said that ahsolute truth is the truth of the reasolung about}/i, anJ that ro/llifiollal
tmth is the truth of pure abstract reasolung. Ther were nonethdcss in dispute
about O11): Prc\V'ost sustuned that the principle of ilentity was the fmmcation
of mathematics, ahhough hc admits tlrt mathematcal propositions are not onlr
tamological, becausc h ,-othetical definilions are some dcterminatc instantiations of
the principle of idcnu ¢ accorcling to him. Cf T.ctter from Prevost to Stc,\-trt written
on 12 Occober 1814 (GE Ms. Suppl. 106771, f 5-6), and rcmarks fiom Prevost
includeJ in the \ppendix of the second volume of tlle Eltlimls, 407—14. Cf. CI.
Etcheg lmy, K Haakonssen, D. Schulthess anJ P.\" " od (cd.), "The correspondence
of Dugld Stc\\'trt, Pierre Pre,-ost anJ their Circle, 1794-1829" and "The Contex| of
the Ste\\ Ht-Pn;\'ost Corrcspondencc™ in History of European Idcas, special issue on
Dug:1lel Stewart, forthcoming.



[In mathematics, the propositions which we demonstrte only assen
a connexion betieen certain suppositions and certain conscquences.
Our reason.ings, thercfrc, in mathematcs, arc directed to an object
cssentially different fom what we have in view in any other employment
of our existences, but to trace the logical filiation of conseguences
which Fllow Fom an assumed I!)pothesis®.

Signifcantly, when he analyses some attempts to endow the Fctual sciences
with a demonstrntive evidence, Fr example, to confer on physics, murais,
politics, and so on such a demonstrntive evidence, he refers to the 'artifcial
or conventionalist' strucnire of hypothetico-deductive physics, marais or
politics?s He concedes that with a set of ‘arbitrary defnitions' (sic) it seems
that it nught be possible to Fnn a science as certain as geometry if we
draw consequences correctly. But those artifcial and conventional physics,
jurisprudence, and so on, Jack tlle very specics of evidence which render tlleir
system true, just, good. W/e must be cautious nonetlicless in any assignation to
Stewart of some kind on conventionalism in the contempornry sense. In this
text, he does not defcnd any mathematical conventionalism strictly speaking,
he only argues that mathematical physics, a_1rgeo/elriro politics and deductive
etlucs are "artifcial or conventional' systems hemtttit is only necessary that first
definitions express no impossibility and be not inconsistent; so, they might or
1iht 10! ft the Fcts. So, what are we to understand when Stewart considers
that first data may be arbitrarily given in mathematics ?

Richard Oison has claimed tliat Ike Reid, Stewart 'did not leave
mathematicianstlle same freedom to de fne mathematical entitiesand Frmulate
mathematical axioms as did [other philosophers] because "¥r Reid and Stewart
tlle ... hypotlleses of the mathematician had to be suggested ami controlled by
cxperience.’® Oison argued that Fr Stewart, because mathematical concepts
are suggestcu by experience and framed from abstraction and generalizaton,
and though they become afte riards free fom any dependence on Fcts, Uley
can be used in natural physics. Though, tilis descripton of the process of
formation of mathematical ideas is true, we still think that Stewart is more
conventionalist than Oison nught believe. Severn! points support the thesis
that Stewart's nominalism entails the assrnption that mathematical defnitions
are rol/ilgmt. As rL D. Eddy has already shown, in the fi'st volume of bis

u JfmNiifs, \'ol. 2, 11.0.3-1, 114.
, lbid., ILii.3—-1, 115-16.
J» Rchard Olrnn, Sa lih Phihs© and Biituh P4J-iu, J750- 1880, ch:ip. 3, 72.



Eltlillls, Stewait thinh in contrnst with Reid, that uur reasoning depends on
signs rnther than on conceptiom.u Certainly, Stcwart's criticisms of Reid's
conceptualism are more striking in the first volume of the EImm,ts. There,
in the chapter on M\bstrction’, Stewart says that although Reid was right in
denying the existence of ullversal essences, he was wrong in assuming also the
existence of gt'lerlconceptions. Actualll. Fr Stewart an iclea is 'the particuhtr
clualt’ or gualities in which it [an individual] resembles other inclviduals of
the same class ; and in conseguencc of which, a generic tcrm is appliec to it."'2
Stewart ceplores that Reid neglected the mecFition of language. The gencric
term is only a matter of convention. Indeed, the particular quality to which it
is applied is no more essential than another one:

As ail classifcations are to a certain degree arbitrnry, it does not
necessariy follow that it is more essential to its existence as an
indivicual, than various other qualities which we are accustomecl to
regard as accidental®

Resemblances are contingently assigned to different individuals. Classifications
are 'to a certain degree arbitrnry': they are so, because they do not express a
naturl or real essence, but not tornlly so, because they genernlir depcncl on the

human way of |if. In this sensc, they are (0lleltiolal
Up to this point, Stewart does not seem so ¥r away from Reicl's and
Locke's comnuullent: in relation to nominal elsepcc. But Stewart clefnds a
nominalism which is more acltieved tlrmn Rei<I's. And this nominalism entails
both the rejcction of (?11) and the possibilit/ of a new status Fr the first data
in mathcmatics. ;\Ithough the daim of nominalism is Jess radcal in the second
and the tlircl volume of the Ellltlits, tllroughout tlic tluee volumes Stewart
insists on the necessity of the mediation of language ¥r the neccs of the minu.
In 1814, Stewart points out some mental powers lIH'olvecl in generalization
in refrring to the unconscious habit of ildlldioll by which we apply a sign
to othcr similar tllings. Nonetheless he still clenies :rr power of gmm,l
conception since he says that in the proccss of clemonstrtion, in geometry
Fr instance, 'we certainly think of nothing but tlle inclividual diagram before
[, :I. D Eddy, 'The :1Ilium of Signs: **ominalism, Llllguage, and the Philosophy of
:lind in the E,Irly Thought of Dug,ild Stew,irt', S/til/ir; ifl Hirtoo- ittid Phihsopls- 0/
S,Ull.,, p,li1 C: Stmlicd T Hitoo: 1WUI PhilosopTy n/ Alin/igh //ild Bi1d2ditt! SaN(J, 37* 3,

373-9t

\. EEUNI Vol 1 (1792), Lhi2, 175
" Ibid.



us';*l and then, there is a process of genernlization, that is al ildidioll by which
we Frm the habit to 'consider it the particular conclusion] as a proposition
comprehending an indcfinite variety of particular truths'.i; There are neither
geneml ol;trl nor is there gmem/ (OLopliol. There are only partimlar mlreptiolls
to which a sign are applied, which can also be appliecl to other particular
conceptions. Obviously, the rejection of the gcnernl conception may explain
Stewart's reluctance to admit some process of idetimttll in mathcmatics.
Gencrnlity is not the burden of 01r gcnernl conception. It is the Fature of
one name wh.ch could be applie<l to differcnt particular conceptions. Thus,
e,'en in aritbmetic, 'names of numbers arc noth.ng else than collectives, by
which wc are enabkd to express ourselvcs more concise!)' than couic! be clone
by enumernting all the tlluts that they contain',*r Eguations seule eguivalence
between signs, not identification of particular conceptions in one gener|
conception. If so, we understand that mathcmatics arc iljarlatilt, because, by
the mccliation of signs, we assign some new equivalence between individuals
(whether they be some particular fgues or sorne particular collections of
units) which arc not those we had in nund at the starting point.

Now are latelalim/ delittls arb.trry? In the second volume of the
Elemlts,3 Stewart introduces the Fllowing specifcities of mathematcal
definitions. First, mathematical defiutions are settled in unambiguous words.
The wnise ciin be 'proper’, becausc of tlle linute<l vocabularr and 'the distinctness
of the ideas’, whcrcas in othcr sciences, words have various meanings and
the distinctness of the idcas is not sufficicnt to establish an existential and
realistic assumption. In physics we need to show that the definition we Jay
clown corresponds with the facts. Thus, in matllematics, defnitions serve
as principlcs, data or mnset of the reasolung, white in other sciences, tlley
rnther are the Irsil/ts of the enquiries. Thence, they may be taken as certain in
mathcmatics, whereas in sciences of facts thcy remain questonable.

So we might tlunk that rathematics is the only science whcrc defnitions
are not arbitrnry because they are 'proper' and 'pcrfect’. Yet, actualll, tlus
propriet) and tllis perfection is inseparnble fom the status of arbitrnry
defitutions. First, since mathematical defnitions rcsult from contingent
abstraction tao, we may think that they are colwentional in the sense that
they dcpen< on the human needs in <loing mathematics. Certainly tlus point

5 Elilimitr, \'ol. 2, 1.ii.2—-1, 90.
% Ibid., 1.0.2—1, 90-1.

" Thid., 11.i.1- 1, 28.
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is not suffcient to prove that the status of mathematical defnitions entails a
mathematical conyentiomilism in Stewart. A feature of ‘arbitrary’ defnitions
in mathematics of the nineteenth ccntury is not only that they depend on
the needs of the mind, but that their content could be different owing to the
mathematician's decision. As we shall see, Stewart docs not exclude that th.s
sense of mathematical generic tcrms can be a matter of rho® dependng on
mathematician's needs. Thus, Stewart says that generic terms in mathcmatics
fin.ish 'an exception' to the imperf®ction of our definitions because in this
science, 'the precise import of its generic terrs is fxed and ascertained by
the d€llitiolls wh.ch Frm the basis of ail our reason.ngs, and in which, of
consequence, the very possibiUy of error in our classifcations is precludcd by
the virtual identity of ail those hypothetical abjects of thought to which the
samc generic tenn is applied".®

On the whole, Stewart stands in contraclistinction to Reid because although
he admits that mathematical truth depends on a relation between ideas, he
does as:umc that they rest neither on 'true and adequate' conceptions Frmed
by the v.rtie of the constitution of our nanll'e,® nor on identifcation in one
general conception of different partcular conceptions. For these reasons, the
mathematcal evidence cannot be resolved .nto the perception or intuition of
identity. - foreover, since the requisites of an appropriate defnition are only,
(1) that it Fxes the sense in an unambiguous way; (2) that this generic term
be applied to virtually identcal hypothetical objects of thought, the possibilit:|
of merely stipulative defnitions remains open. In any case, my aim is not to
show that Stewart was a straightforward prccursor of axiomatic mathe ratics,
because as we shall see, in some other respects, especially his consi<lerations
about ellidellee, his thought was not ready r such an epistemological tur.

The vincula of evidence are axioms

The way Stewart considers the axioms (lilml1) of mathematical reasoniilg
seems to involvc a strong reluctance to an undertaking such as mathematical
axiomatisation. Undoubtedly, Stewart tlunks that there art axioms in
mathematics. But, they are of lim.ted u®ty because they are very universaland
involved in our mental opcratons. Although it can be i.nteresting to cnunciate
them in orcer to point out some mistake, there is no need to takc pains to

“ Ibid., IT.0. 2-1, 95.
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Frmulate a\l the accurnte propositons which express thcse ,i,l(Jt/a—because
mathematical evidence does not stem Fom such propositions. In refFrence to
Locke, and in perfect faithFlness to Reid, Stewart says that although an axiom
can be enunciated in a genernl proposition, we already assent to it in particular
instances. Thence, the genus-axom is always assentcd in the mathematicians'
prnctice, and does not even need to be enunciated. Its enunciation is not a
mathematical rcguirement. It gets naturnlly appliecl in abstract reasoning in
orcler to cliscover some new truth, and in syllogism in a rather frnitless way.
\Vhen Stewart Frmulates it, hc gives it a nominalistic Frmulation : 'whatever
is true univcrsally of any sign, must also be true of every individnal which that
sign can be employec to express'.. Any/iay, it describes a naturnl operntion of
the mind which docs not dcpend on any propositiona\ expression. So hnally,
Stewart inherits Reid's opinion on dus point. Reid dd not intend to settle some
propositional evidence inthe list of first principles of truth. He inst Frmnlatec
evidence of our diferent kind of judgment in some genernl propositions.
Reid avows in the Second Ess\J' 01 the B td/«/1a/ Powen that 'eviclence is more
easily felt than cescribed'* ifathematical evidence in particular rest on the
1r/Im/jarl that the negation of tautological principles is unbelievable. Thus,
Reid says 'that the rules of demonstrative sciences ...have no authority but
that of Imman jndgment'12 Stewart certainly agrces with Reid on this point.
In matliematics the attempt at Frmalzing logical corrcctness is far from
being Stewart's commitment. The source of evidence cannot be propositional
or reduced to an identical proposition bccause it is naturally involved in our
mental operations.

Besicles, Stewart argues that logical deduction is not suffcient in
mathematics. The mathematician involved in algebmic investigations has
to exercise juclgment (interpretation) otherise he 1iight irrelevantly apply
conclusions. Ir is not very clear whcther Stewart thinks of some non’
matllematical applicatons (in physics, or in any other science of facts), or
of ZLrillmBYiml &xlimtiolls thcmselves. There is some plausibility in Fvor

" In the frst volume of the Elll:1f< the genus-principle is subservient to radical
nominalism: ‘the evidcnce of our conclusions appears imme<iately fiom the
con:iderntion of the words in which the preniscs arc cxpresse; without any
referencc to the thing, which they denotc' (EIMINIt., vol.! (1792), Livl, 177). But
as we shall fec, Stew,rt takcs pai.ls to clistance hilmelf fom mere Lefbnizian or
Condillacian calculus of signs.
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of the latter hypothesis. In any case, he believes tlrnt besidcl dcduction,
mathematcians have the task of interpretation and judgment. They have
to attend to the meaning of signs and to limit their conclusions to theses
conditions of meaning. The cliffcrence bctween signification and denotation
is not cxplicitly cxpounde<I by Stewart although it can be reconstructed
on the basis of what he says. Clirers/(lllrillg the 1Mllillg means being able, or
having 'in our power', 'to substinite, instcad of gcnernl terms, sorc one of
the individuals comprehcnded undcr them'[* But this unccrstancng does not
rcquire us actually to do it 'at the moment'.H leis suffcient to halle 'hl'power to
denote. This is why algebrnical an is distinguished fom mithletiml ro1plitn Bu
in the Arst volume of the Ele1!/s. ,; The conunentator 11 D. Eddy alrcady
stresscd tlle role of judgment in algebrn, in contrnst with calculus: because
the mnd has to hold that such or such word Qlere, the rathcmatical sign)
is rcpresentative of particular qualities (here, some rimilities), it must exert
Jjudgment: "\Vithout this cautious cxercise of judyent, in tlle interpretation
of the algebrnic languagc, no dexterity in the use of calculus wrn be suCEcient
to prcserve us from error':< Stewart conccdes tlrt the 'talent for ready and
various illustratons' could be usefil 'Fr correcting and limiting our gcnernl
conclusions'. Twenty-two years later, Stewart docs not change lus nlind. 1 the
second volume of the EImmi/s, hc opposes both Leibniz's An Colbillalrin
Cbnmdelislim and the Condillacian proicct exposecl in the LlitHe de Ca/mlsY
Condilac indeed assumcd in this posthumous work chat algebrnical reasoning
is a mode! Fr every reasoning, in so Fr as in algebrn reasoning is perfrmcd
without any need to know the sigri fcation of the siiis.*x He shows that such a
mechanical way of rcasoning is not su®cient to preclude crrors.

To sum up, Stewart's distinction betiecn rrit/n and Jlillmla in mathematics
attests how much a new way of thinking about principlcs and nxioms rillows
new intercsts in the systematical structure of mathematics to arise in tlic
early nincteentll ccntury. Stewart pays attention to the nccessit) of assunii ng

" Elwnilr \ol. 1, Liv2, 192,
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7 Flmmlls, \'ol. 2, IT.0.3—2, 131. Cf. Etienne I3onnot, Abbé de Condilbc, L,, L1glit dts
Cakil/r (Lille; 1981 ; 1798).
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-thetical dcfinitions as fi'st dat in marhemacics. Nonerheless he ducs not
0:,:,d the mathematical neeJs for the task of axiolrl/isatiol as the explicit
- :leiacion of axioms because, for Stewart, axioms are stiJl naturnlly involved

{Ir mental operntions, especially in the marhematical pracLce of n:asoning,
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