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Summary

Monte-Carlo methods are well suited to characterize events of which associated
probabilities are not too low with respect to the simulation budget. For very seldom
observed events, these approaches do not lead to accurate results. Indeed, the num-
ber of samples are often insufficient to estimate such low probabilities (at least 10"+2

samples are needed to estimate a probability of 107" with 10% relative deviation of

the Monte-Carlo estimator). Even within the framework of reduced order methods,
such as a reduced basis approach, it seems difficult to accurately predict low prob-
ability events. In this paper we propose to combine a cross-entropy method with a

reduced basis algorithm to compute rare events (failure) probabilities.
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1 | INTRODUCTION

Many applications in structural analysis require taking into account stochastic properties of material, geometry or loads. Given a
probabilistic description of the stochastic properties of the structure (i.e. a random vector ® associated with a probability density
function f), reliability analysis aims at computing the probability of failure of structures with respect to a prescribed limit state
function G. The failure is defined as an event F = {G(®) < 0} and the failure probability P, is defined by P, = Prob({G(0) <
0} = fG(G) <0 J(0)d6. The computation of this failure probability by a standard Monte-Carlo algorithm is too computationally
expensive in practice (10"*? finite element computations are need to estimate a probability of failure P, = 107"). In order to
reduce the number of simulations runs different alternatives have been proposed.

A first approach is the First Order Reliability Method (FORM) and the Second Order Reliability Method (SORM)!2 which
consists in building a simple analytical approximation of the limit-state function around the so-called design point followed by
a direct estimation of the failure probability?#=/978 A second approach consists in building a surface response as a surrogate
model of the limit state function (Quadratic response surfaces, polynomial chaos expansions, kriging surrogates, ...)°2LOLU2LL3
The Monte-Carlo algorithm can then be applied on this surrogate model. A third approach consists in building a reduced order
model (ROM) of the full order finite element model (FOM ) #IHOUZISIS “and using the Monte-Carlo method along with the
reduced order model. This approach has been applied successfully in“?2!' to compute the failure probability of structures in the
case where Pf is greater than 10, however in the case of rare events estimation the number of Monte-Carlo simulations needed
to estimate accurately P, increases (10 simulations to estimate a failure probability of P, = 107%) and the computational
cost becomes too important even in the context of the use of reduced order models. In order to reduce the number of samples
different techniques have been developed?2, in particular the objective of the importance sampling (IS) method is to reduce
the variance of the Monte-Carlo estimator. The main idea is to generate the samples ®, ..., ® with an auxiliary probability
density function A that is able to generate more samples such that G(®) < 0 than the probability density function (PDF) f and
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then to introduce a weight in the probability estimate to take into account the change in the PDF generating samples. The cross
entropy (CE) optimization method?® provides an efficient way to approximate this auxiliary probability density function. In“*
the authors propose to combine a CE method with a surrogate model of the limit state function and to use an exact computation
of the limit state function only when the sample is near the failure limit. In?? the authors develop a CE method with an adaptive
surrogate model based on a Kriging interpolation method for estimating the probability of rare events. In* the authors propose
to use an a priori fixed hierarchy of surrogate models to accelerate the estimation of the auxiliary probability density function h
by the CE algorithm, then compute the IS probability estimate with the FOM.

In this work we develop an adaptive strategy, based on the computation of an error estimator of the limit state function, to
simultaneously build the reduced basis and the auxiliary probability density function h. The reduced basis vectors are chosen
in order to control the quality of the estimation of the limit state function G and the auxiliary PDF is built by minimizing the
cross-entropy with respect to an ideal zero-variance distribution. An importance sampling Monte-Carlo simulation is then run
with the surrogate model defined by the reduced basis and the auxiliary PDF. The control of the quality of the reduced basis
is ensured by the computation of a lower bound and an upper bound of the failure probability. Compared to?%,29, this paper
introduces, during the CE optimization, an adaptive construction of the surrogate model based on an error estimator. Compared
to2? it introduces surrogates models based on a reduced basis approximation which allows building bounds of the limit state
function as well as of the computed Monte-Carlo failure probability.

The paper is organized as follows: Section [Z]describes the problem to be solved. In Section [3|the cross-entropy optimization
applied to importance sampling is presented. In Section4] the reduced basis formulation used to solve the problem is presented
as well as the technique used to compute bounds on quantities of interest. The reduced basis algorithm for rare events simulations
is detailed in Section[5] Finally, Section [6] presents an application to multilayered structures in 2D plane elasticity.

2 | PROBLEM FORMULATION

2.1 | Linear elastic model

Let us consider a 2D elastic structure defined in a domain € bounded by I'. The external actions on the structure are represented
by a surface force density T defined over a subset I'y; of the boundary such that T € [LZ(F N)]2 and a body force density b
defined in Q such thatb € [LZ(Q)] ® We assume that a prescribed displacement u = u, such thatu, € [H 2 D)] % is imposed
onI'y = I' — IT'y. The material is assumed to be linear elastic, being C the Hooke tensor. We consider that the problem is
dependent of a vector 6 = (6, ...,0,) € D C R” of uncertain independent parameters. These parameters are characterized in a
probabilistic manner by means of a joint probability density function f(0) = f=1 f:(6;), where f; is the probability function
of §;. The problem can be formulated as:

1. For any 6 € D, find a displacement field u € U" and a stress field o defined in Q which verify:

e the kinematic constraints:

u(x,0) =uy(x)onIp €))]
o the equilibrium equations:
dive(x,0)+b(x,0) =0in Q and 6(x,0)n =T(x,0) on Ty, 2)
o the constitutive equation:
o(x,0) = C(x, 0)e(u(x, 0)) in Q 3)

n denotes the outer normal to Q. U is the space in which the displacement field is being sought, /° the space of the fields
in V" which are zero on I'j, and £(u) denotes the linearized deformation associated with the displacement: [e(u)]; =
1/2(u; ; +u; ;).

2. Compute a quantity of interest:
S(0) = Q(u(x, 0)) “

where Q is a linear output of u
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Remark: For the sake of simplicity assume that u, is a deterministic value (i.e. u,(x, @) = u,(x)). For an interested reader, the
development of a reduced basis algorithm where u is also described by a stochastic approach can be found in’.

The weak form formulation of the problem (Equations[IH3) is: find u € U" such that

a(u(0),u*;0) = l(u*;0) Vu* € U” 5)

where

a(u(0),u*;0) = / C(x, 0)e(u(x, 0)) : e(u*(x))dQ and I(u*; 0) = /b(x, 0).u*(x)dQ + / T(x, 0).u*(x)dl’
Q Q Ty
To compute the solution u() of Equation (3)), a finite element approximation u,, of u is introduced such that u, € U}, C V.
Let P, be a partition of Q into elements E, (k € {1, ..., Npg}). This partition formed by the union of all elements, is assumed
to coincide exactly with the domain €2 and any two elements are either disjoint or share a common edge. We assume that u,; can

be represented by a displacement field in U,. The discretized problem is: Find a displacement field u,(8) € U, and a stress
field 0,,(0) defined in © which verify:

e the kinematic constraints:

u,(x,0) =u,(x)onlp (6)
o the finite element equilibrium equations:
/o-h(e) D e(uy)dQ = /b(@).u’; dQ+/T(9).uZdF Yu, € U,? @)
Q Ty
e the constitutive equation:
c,(x,0) = C(x,0)e(u,(x,0)) in Q ®)

The classical weak form formulation is: find w, € {v € U};; v|r, = u,} such that:
a(u,(0),u;;0) =I(u,;0) Vu, € U'}? 9)
where V) = (v € U}; v |, = 0}.

Following?®, we assume that the Hooke tensor C, the body forces b and the traction forces T can be decomposed as the sum
of functions of @ multiplied by deterministic functions.

o % Q"
C(x,0)= Y ©(OC,(x), bx.0) =) ©:Ob,x) T(x6) =) OOT,x) (10)
q=1 gq=1 g=1

where G);, @2, G)qT are known functions of 0, each (_Iq(x) is a fourth order tensor defined in Q, i)q (x) are vector fields defined in
Q, and Tq(x) are vector fields defined on I'y.

2

Remark: An approximation of this decomposition can be obtained by the use of the Karhunen-Loeve expansion? as proposed

in®,

Furthermore, we assume that the inverse of the Hooke tensor can be decomposed as the sum of functions of 8 multiplied by
deterministic functions defined in Q.

o
C'(x.0) = ) ©:0)8,(x) (11)
g=1

where each S (%) is a fourth order tensor defined on €. These hypotheses are required by the adaptive reduced basis method?!
as shown in section 4.2



4 | GALLIMARD

2.2 | Structural reliability model

In this section, we describe the problem of reliability assessment“!!1V. Let us denote by S(0) = Q(u,,(x, 0)) the computational
output of interest and R(0) the threshold associated to this computational output. Classically the structure failure state is defined
by a limit state function:

G(0) = R(O) — S(0) 12)
such that

e (G(0) < 0is a failure state for the structure,
e G(0) = 0 is the limit state,
e G(0) > 0is a safe state for the structure.

According to this definition, the system fails when G is lower or equal to zero. The failure probability P, is then given by:

P, = / f(6)do (13)
D, ={6eR"; G(9)<0)
where 7 is the dimension of the vector 6 and f(0) is a PDF. The evaluation of the integral defined by Equation is not easy

because it represents a very small quantity and because the integration domain is defined implicitly. Monte-Carlo algorithm is
the main approach to solve the reliability problem. Recasting Equation (13) as:

Py = / LiG0)<0/(0).f(0)d0 = E [1G9)<)] (14)
R
where 1)<, 18 the failure indicator function being equal to one if G(0) < 0 and zero otherwise. The probability of failure is
equal to the expectation of 159 <. The Monte-Carlo algorithm consists in generating a number N, of realizations 8" of the
random vector © using the actual probability density function, then in computing the Monte-Carlo estimator P;:

R 1 NMC
Pr=— 1 (C) (15)
I~ Nore ; (G(0)<0)

According to the central limit theorem, this estimator is asymptotically unbiased and normally distributed with variance
s, P =P
Var [Pf] = 7
Nyec—1
When the failure probability is small the relative deviation of the estimator is

\/Var [lsf] 1

=Y ~ (16)
Py \/ Narc By

The relative deviation is consequently unbounded. From Equation (I6), it can be seen that obtaining a relative deviation
6 < 10% for a probability of failure of 10" requires about 10"*? finite element simulations.

3 | IMPORTANCE SAMPLING

3.1 | Principles

The objective of importance sampling®?3334 s to reduce the variance of the Monte-Carlo estimator P;. The idea is to generate

the samples ', ..., 8" with an auxiliary PDF h such that the generated samples have a higher rate of falling in the failure region
than with the PDF f, because only these samples contribute to the evaluation of P,.

f(©) [ f (9)]

Pr=E; [L6w<0] = / LG0)<0)f(0)d0 = / 1(G(9)§0)_h(0) h(6)d6 = E, 1(0(9)50>—h(9) (7
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Let us denote w(0) = LO 'then the failure probability is estimated by

o’
| &
PlS = = ¥ NGerco(@”) (18)
n=1
where ﬁf’ S is called the importance sampling (IS) estimator. The variance of this estimator is given by the following equation
. Var (1 w(@))
IS\ _ (G(6)<0)
Var(Pf )= N (19)
The optimal choice for A is given by
\ 1G@)<0)/(0)
h(0) = ———— (20)
Py
which leads to P
S
1 wd) =1 (f(@)—) =P (21)
(G(6)<0) (G(6)<0) 1(6(0)50) 1(0) f

and hence to Var(ﬁ} ) = 0. The obvious difficulty of this approach is that ~* depends not only on the failure domain which is
unknown, but also on the unknown probability P,. Nevertheless, a good sampling density /2 will be close to the PDF A*.

3.2 | Cross-Entropy approach to determine a good Importance Sampling distribution

The idea of the Cross-Entropy (CE)#2%23 is to choose the IS density 4 in a specified class of densities such that the cross-
entropy or Kullback-Leiber (K-L) divergence between the optimal importance sampling density A* and A is minimal. The K-L
divergence between two PDF f and g is given by:

D(f,g) = E, [111@] = / e AP / £(0)In £(0)dO — / £(0)Ing(6)do 22)
2(0) g(0)

Let us define 4, a family of PDF indexed by the parameter A (4 could be the mean and the covariance matrix in case of Gaussian
densities). The objective is then to find A* which minimizes the Kullback-Leiber divergence D(h™, h;)

A* = argmin D(h*, h;) = argmin <— / h*(0)In hi(e)d0> (23)
A A
substituting 4*(0) from Equation (20) in Equation (23)) we obtain

A= argmax / (1i60)<0)/(0)) In h;(0)d6O = argmax E [16(0)<0) In 1,(6)] (24)

Remark: In?3, it is shown that solving the cross-entropy problem defined by Equation (23) yields an estimate with minimum
variance.

A* can be estimated by solving the following stochastic program

NCL"
. _ 1 VACH) n
A" = argmax Nep Zf I(G(e")so)m Inh,(0") (25)
where 0', ..,. O™¢t are N, ¢ fandom samples generated according to the probability density 4. In practice, ones does not solve

directly Equation (25)) since it requires the knowledge of several samples such that G(0") < 0, which is not the case for rare
event evaluation. To circumvent this difficulty, the optimization problem is solved by a multilevel iterative method=223 with
a decreasing sequence of thresholds G, > G, > ... > 0 chosen adaptively using a quantile definition. At each iteration, the value
of A,_, is available and ones determine in practice
NCE 1
1 _f n

A = argmax v — Z Lge<c,) ——— 2 A In h,(6") (26)
The algorithm is initialized by choosing a parameter p (typically 1072 < p < 107!, see®>23 for more details), and by defining
hy = f. Ateach iteration k of the algorithm N, samples ', .... 0Ncr are generated according the probability density /,_,, the
values of the limit state function G(8") are computed and G, is set to the max(0, G,) where G, is the value of the p-quantile of



6 | GALLIMARD

(G(Ol), .GV CE)). Then, Equation ll is solved and we set h, = h 4 Let K be the final iteration when Gy = 0, N, ¢ samples

', .... 8N1s are generated according to the probability density A 4, and the importance sampling estimator is computed by
Nis
ACD)
f N 5 4 Z <07, gy 27

The Cross-Entropy algorithm is described in Algorithm [T}

Remark: The maximization of Equation (26) can often be solved analytically, in particular when the probability density family
is composed by independent Gaussian or log-normal random variables, as used in this paper (see section 6)).

Algorithm 1 Pseudocode for the IS based on a CE optimization

input: the PDF f, N (number of samples used for the CE optimization), N ;¢ (number of samples used for the IS
estimation), p a parameter in [1072,107!]
output: Pfl S

Define h, = f. Set G, such that G, > 0.
Set k = 0 (iteration counter)
while G, > 0 do
Setk=k+1
Generate random samples (01, .o CE) according to the probability density s,_,. Compute G(0") (for n = 1, N ).
Compute G, = max(0,G,), where G, is the p-quantile of (G(Ol), s G(ONCE))
Use (0',..,0"cr) and (G(0"), ..., G(OV<F)) to solve
NCE }'l
A= argl/'lnax z | o )<Gk)hL(0)n) Inh,(0")

Set Ay = A" and by = h, .
end while
Set h,,, = hy
Generate N, g samples according to the probability density A, and compute 13; S

NIS

_ £(0")
= — Z GO<0 7 g7 pt(en)

3.3 | Simple 1D example

A simple 1D test problem proposed in'® is considered here to illustrate the CE algorithm. The unknown displacement u(x, 6)
describes the deformation of a bar of section .S and length L which is loaded by a traction F on x = L and clamped at x = 0 (see
Fig[I ). The random parameters are the Young modulus E of the bar and the traction F. They are functions of two independent
Gaussian random variables (6,, 6,) defined in Table|[T |

2 arcsin(Erf( \/_))
E0,) = Ey(1 +6g(6,)) with g(6,) =
72 -8
and
F, =0,



GALLIMARD 7

FIGURE 1 Unidimensional bar

Remark: The nonlinear mapping g is chosen such that the probability density function of E(8,) has a bounded support. Actually,
the upper and lower limits for E are

2 w2
Ey(1-6\ 5 | < EO) < B 148/ 5

This definition allows precluding negative non-physical values of the Young modulus if 0 < 6 <

r2-8
P2

Random variable | distribution mean value standard deviation

0, Gaussian m o
0, Gaussian m, o,

TABLE 1 Statistical properties of the random variables

The limit state function is given by
G0,,6,) =u, —u(L,0,,0,)
The analytical expression of the quantity of interest is easily available
F(6,)L
E,)S

The PDF f in this example is given as a function of the mean values and the standard deviations of 6, 6,.

2 2
1 1(0i—m
[©0,.0,m,0.my.00) =[] 7 exp (‘E < — > > (28)
Oi

i=1 i

u(L,0,,0,) =

The family of PDF to be optimized for the parameter A = (i#,, 6,, fi1,, 6,) will be defined by

2 N}
~ ~ ~ ~ l 1 ei_mj
h(91,92;m1,61,m2,62)=H\/§~ exp<—§< 5 >> (29)
0;

i=1 !

As an example we consider the following values:
o Geometrical values: L =1,.5 =0.1.
e Young’s modulus: E, =200,6=03,m; =0,0, = 1.
e Applied traction: m, = 1, o, = 0.1.
o Critical displacement: u, = 0.1

A standard Monte-Carlo method with 10° samples gives an estimate Pf = 1.48 x 107, with a relative deviation § = 8.2%.
With 107 samples we obtain an estimate 13f = 1.54 x 10~*, with a relative deviation § = 2.5%. For the IS method based on CE
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Gy my 0 ity )
0.058 0 1 0.5 0.1
0022 -1.64 0.66 056 0.086

0.00014 =259 037 0.64 0.060
0 -3.10 046 0.73 0.055

AL P =&

TABLE 2 Convergence of the CE optimization

optimization we use the following parameters: p = 0.1, N = 10° and N, g = 10* Table|2 |displays the results of the CE
optimization.

Using the estimated optimal parameter vector 4, = (=3.10, 0.46,0.73, 0.055), the final iteration with N, ¢ = 10* samples
gives an estimate of P ; S =1.51 x 107*, with a relative deviation 6 = 1.5%. In this case for an equivalent relative deviation we
have reduced our simulation effort by a factor 103. However, in practical mechanical computation it is mandatory to reduce the
cost of generation of each sample. The aim of the section[d]} is to introduce the so-called reduced basis method.

4 | REDUCED BASIS METHOD

The purpose of a Reduced Basis Method is to provide a fast evaluation u,,(0) of the value of the displacement field u,(6) and
hence a fast evaluation Q(u,,(0); 0) of any quantity of interest Q(u,(0); 0). In this section we recall a classical displacement
approach which consists in performing a Galerkin projection onto a reduced basis space that is assumed to represent accurately
the solutions of the problem to be solved. The construction of this reduced basis space, that will be detailed in section [3 is
aimed to control the accuracy of the computed failure probability. To control this accuracy we define and compute an error
estimator which is an upper bound of the error on the quantity of interest |Q(u,(6); 0) — Q(u,,(0); 0)|. The computation of
this upper bound necessitates the construction of a stress field that satisfies the finite element equilibrium equations (Equations
. Following the approach developed in?L, in order to obtain a fast evaluation of this stress field, we propose in section to
build, from the displacement reduced basis, a stress reduced basis which satisfies the finite element equilibrium equations. In
this paper, we use a reduced basis strategy which permits to control the quality of the reliability analysis which was proposed
in2l, We present the main ingredients of this strategy in the following subsections.

4.1 | Offline Phase

Let u,, € U}, be a displacement field such that Uy;r, = Ug. Let us introduce a set of samples in the parameter space S Ny =
(6", ...,0":}, where 8" € D, and for each 6" compute a finite element solution u?l(G”) in 1/'}? described by the corresponding
vector of nodal values ¢".

a(u)(0"),u; 0" = f(ul;0") — a(uy,.u;;0") Vui € Uy (30)
On this space, following , we perform a Gram-Schmidt orthonormalization process for the inner product a(u, v; 0) (0 being
a fixed value of the random vector which is selected a priori as shown in Section[5.T). The reduced basis space is then defined by

UON = span (¢!, ..., 9"} c VP 31)

rb

37138139

NS

The choice of the samples in the parameter space S™s and of the associated reduced basis U':Z’NA depends on the sampling

strategy (see=® for more details).

To construct the stress reduced basis, we follow the method presented in“!. The first step consists in building a stress &,,,(6)
which verifies the F.E. equilibrium (Equation for all @ in D (We refer the reader to?' for more details about the construction
of 5,,,(0)). Let us consider the set of stress fields computed from the snapshot solutions (Equation

o, = C(0Me)(0") +uy;,) forn € {1,..., N} (32)

and the set of stress fields defined by

Ao, =0, — 0,,,(0") (33)
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It follows that {Ac”,, forn € {1,..., N}} is a set of stress fields equilibrated to zero in the FE sense. An orthonormal basis
S?[;Nf = {¢',....¢"+} is built from Ac”, by a Gram-Schmidt process with respect to an internal product [, ¢, : C~'(0)o, dQ.

4.2 | Online Phase

The reduced basis approximation consists in solving Equation (5) in U'r% + {uy;,.}. A key point to justify the use of the reduced
basis approximation is that N, is assumed to be much smaller than the number of degree of freedom of the F.E. model N, (i.e.
N, << Npg). The reduced basis solution for the displacement field writes

NS
u,,(0) = uy, + ) a,¢" (34)
n=1
The coefficients a,, are computed by solving
a(u’,(0),u’; 0) = f(u’;:0) — a(u,,.u:0) Vui, €U (35)
which leads to an algebraic system
[(K(O)] [a] = [F(O)] (36)
The elements of [K(0)] and of [F(0)] are defined by
K;;(0) = a(¢', ¢’;0) and F,(6) = f(¢';0) (37

Thanks to the decomposition (Equation of C, b and T, K;; and F; can be written as a linear combination of the functions
0.(0), @3(6) and @qT(O)
(% B Qo _ or _
K, (0)= ) K;;,0%(0) and F;(0) = Y b,,0"(6) + > 1,0 6) (38)
q=1 q=1 q=1

ijqg=c iqq

where

K, = /qu(d)’) 1 e(¢)dQ, b, = /bq.d)’dQ, and T;, =/Tq.¢’dF
Q Q Iy
The reduced basis solution for the stress field writes

NS
%,(0) = 6,,,(0) + ) p,¢" (39)
n=1

The coefficients f, are computed in order to minimize a distance between the stress field o,,(0) computed from the reduced
basis solution u,,(6) through the constitutive equation (c,,(6) = C(0)£(u,,(0))) and o7,(0)

Gfb(e) = argmin 7(6) (40)
BBy
where
n(0) = / (6,4(0) — 6¢,(0)) : C'(0)(6,,(0) — 6¢,(6)) dQ (41)
The minimization of Equation (40) 1ea(ils to the algebraic system
[SO)][B] = [G(O)] (42)
The elements of [S(8)] and of [G(6)] are defined by
S, = / c @ ¢ dQ (43)
Q
and
Gi = / Ci : (E(Urb) - C_I(G)Gneu(e)) dQ (44)
Q

Thanks to the decompositions (Equation@p and (Equation@) S;; and G; can be written as a linear combination of the functions
©.(), @Z(G) and @qT(Q)

o
S, = 5,,0:0)
q=1
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N, 0 ot
Z Z (Z 114@(0)01(6) + 2 T,,q@;w)@T(e))
&\ & 2

ﬁl

where
S‘ijq =/Sq§i 1 ¢ dQ, c‘io=/§i D e(uy;,)dQ, ¢ =/Ci D e(¢’)dQ
Q Q Q
and

= / ¢ §,COkw)Q, T, = / ¢' 1 §,CO)e(u])ar
Q

4.3 | Error estimator and bounds on the quantity of interest

The computation of error bounds on linear Quantities of Interest (Qol) has been developed by many authors4Vl243k4 for

measuring the gap between an exact Qol and a Qol computed from a finite element analysis. The error bounds between a Qol
computed from a finite element analysis and a Qol computed by a reduced modeling approach have been studied since early
200041612H0%7 T this paper, we use the bounds proposed in*®2! within the framework of the application of the error in the
constitutive relation to reduced basis computations. These bounds are obtained by using the parallelogram inequality as proposed
in‘” 45_

For any realization of the random vector 0 the error introduced by the reduced approximation is given by

e,(0) = u,(6) — u,,(0) 45)
due to the linearity assumption, one has
0(e,,(0); 0) = Q(u,,(6); 0) — O(u,,(0); 6) (46)
Following™*¥, we consider the following auxiliary problem: find LS l/'}? such that:
a(u,,u;(0);0) = O(u,(0);0) Vu, € U'i? “7
and its solution u’}* in the reduced basis
a(u®*(0),u’,;0) = Q(u’,;0) Vu’, € U (48)

It can be shown that (we refer the reader to*34248221l for more details)
—e,(0) < O(e,,(0);0) < e, (0) 49)

where
ef(0) = %(Ilafb(O) 6,550 165,7¢(0) — 6%4%(O) |, 0+ < 6%,(0) — 6,4(0). 65,°(0) — 64*(0) >, 4)

¢,(0) = 1 (16%,0) = 6,0l 0 16%7(6) — 5% (O) |9~ < 5%,(6) — 6,,(6), 5% () — 5(0) >, )

0,,(0) and ¢7,*(0) are the stresses computed from the reduced basis solutions u,,(60) and uf;*(6) through the constitutive
equation, o¢,(6) and 0'”"”(9) are stress fields equilibrated in the FE sense which are computed, for a given value of 0, as
proposed in section @) lloll g is defined by

||o-||§’9 =<0,0 >,y With <0, 6, >, 9= /0'1 : CY(0)0,dQ

Q
From Equations and it follows that the quantity of interest Q(u,,(6); 0) is bounded by
0(u,,(0);0) — e, (0) < O(u,(0); 0) < O(u,,(0); 0) + ¢, (6) (50)

Remark: If Q does not depend linearly on u,,, bounding of the quantity interest is much more difficult and there are few works
addressing the subject (see?”1? for quadratic outputs or>" for mean von Mises stress over a subdomain).
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4.4 | Bounds of the limit state and on the failure probability
The approximate limit state function computed from the reduced basis analysis is
G,,(0) = R(0) — O(u,,(0); 6) (5D

The approximate failure probability computed by a Monte-Carlo method is given by

1 NMC
pt=_—_ 1 Ch) (52)
77 Nye ; (G,4(6)<0)

and from Equation the following computable bounds of the limit state function G(0) are obtained
G,,(0) < G(O) < G},(0) (53)
where
G, (0) = G,,(0) — ¢!, (0) and G}, (0) = G,,(6) + ¢.,(6) (54)

Let us introduce the failure domain associated with the lower bound and the upper bound of the limit-state function and the
associated failure probabilities

D} = (0: G,4(0) — €/,(0) < 0} and D = {6; G,,(60) + ¢;,(6) < 0}

1 NMC NMC

A 1
1,,+(0" dP, = —— 1,-(0" 55
Noo ; D,( ) an S N ,; Df( ) (55

As D; cD,={6;G(0) <0} C D; we obtain the following bounds for the failure probability

p+ _
Pf—

P <P <P} (56)
Remark: It must be noticed that the obtained bounds concern the failure probability Pf computed from a Monte-Carlo algorithm.
The quality of the Monte-Carlo estimator will be classically assessed in the examples presented in section 6] via the central limit
theorem and the computation of the relative deviation 6 (Equation [16)).

Furthermore, to control the reduced basis algorithm an error estimator £,(6), which is an upper bound on the error on the
limit state function e;(0) = |G(0) — G,,(0)], is introduced

e6(6) < £4(6) = max(e;,(0), ¢4(6)) (57)

Properties:
1. If for all 8", 5(6") = O then ﬁf— = ﬁ; =P,.

p— — p+ ny n p — p— — p+
2. IfPf =P then £,(0") = 0 for all 8 ande—Pf —Pf.

S | REDUCED BASIS ALGORITHM FOR RARE EVENTS SIMULATIONS

The Monte-Carlo method (see Section [2.2] and Equation [I3)) is the reference method to compute the failure probability. To
evaluate a failure probability P, = 107" with a relative deviation 6 = 10% the Monte-Carlo method necessitates 10?2 FOM
computations. To reduce the computational effort it is interesting to introduce reduced order models based on the RB method 222!
As shown in Section[d] this method involves the construction of a basis (the so-called reduced basis). The construction of this
reduced basis can be performed offline in a training space as proposed in?Y or adaptively during the Monte-Carlo simulation
as proposed in%. In any case 10> ROM computations are performed in order to evaluate the failure probability P;. For rare
events simulations, it is mandatory to reduce not only the cost of the computations but also their number. The method developed
here proposes to reduce the number of samples needed by using an IS estimator along with the reduced basis approximation.
In Section 3} we presented the CE method for computing an IS optimized distribution. The idea of the method proposed in this
paper is to build the reduced basis while the iterations of the CE method are performed. As, at each iteration k the optimization
process involves only the samples 6 such that the limit-state function G() is below a given threshold G, (Equation [26), the
reduced basis approximation is improved only when these samples are not computed with a sufficient accuracy in the actual
reduced basis.
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Compared to a classical MC-IS algorithm, the advantage of the proposed algorithm is that the computations of the IS failure
probability is done with a ROM rather than a FOM. Compared to a classical MC-RB algorithm, the advantage of the proposed
algorithm is that the number of computations of Monte-Carlo samples performed in the ROM is greatly reduced.

1. Offline stage : Construct the reduced bases while performing the iterations of the CE algorithm.

2. Online stage : Compute the importance sampling estimator, together with its inferior bound and superior bound, with the
reduced bases defined in step 1.

5.1 | Offline stage

The initial step of the algorithm consists in computing a displacement field u,;;, satisfying the boundary conditions (Equation|6)
and a stress field o,,,(0) satisfying the equilibrium in the FE sense (Equation 7). The computation of u ;. and o,,,(0) involves
the choice of a particular value of @ denoted 8, a simple choice is to use the mean value of the random vector @ = E +16]. This
value will also be used in the Gram-Schmidt orthonormalization algorithm. The idea is to construct the reduced bases along
with the CE optimization process. For each sample 8" generated during the CE optimization, an approximate solution u,,(6")
of u,(0") is computed in the reduced basis space U'O’"’” The approximate limit state function G,,(8") is computed as well as its

upper bound G (9") and lower bound G b(@ ). TWO cases must be distinguished:

heu

o If G;b(e") > G,_, then G(6") > G,_, and this sample will not contribute to the optimization problem (Eq .
e If G,(0") < G,_, this sample may or may not contribute to the optimization problem (Eq .

In the first case the quality of value of G,,(6") provided by the reduced basis U’(Z’"’b is sufficient and the simulations are continued
on the same reduced basis. In the second case, the reduced bases 7/'3;"*” and S 1;"”’ are improved only if the error estimator on the
limit state function is greater than a fixed tolerance £;(0") > 7 in this case the problem is solved in the finite element space
and new reduced basis spaces Uﬁj’"”’“ and 5?&"’“1 are constructed. When the values of G(Ol), ..., G(ONcr) have been computed,
we compute their p-quantile G, and we optimize the parameters A in order to minimize the Kullback-Leibler divergence between
the auxiliary PDF h, and the optimal auxiliary PDF for the limit-state function defined by the threshold G,: G(0) = G,. The
algorithm is given in Algorithm (2).

It must be noticed that the reduced bases are constructed iteratively for decreasing thresholds G, > G, > ... > G, > O,
whereas our actual limit-state function is defined by G(8) = 0. To obtain bases which accurately describe the limit-state function,
a new iteration of the optimization process is added. In this iteration, we add vectors in the reduced bases when the RB accuracy
is insufficient to certify the state of the structure, and we optimize the parameters 4 in order to minimize the Kullback-Leibler
divergence between the auxiliary PDF £, and the optimal auxiliary PDF for the limit-state function G(8) = 0. The algorithm is
given in Algorithmf4] In this stage the reduced bases are increased when the error estimator on the limit state function is greater

than a fixed tolerance TC £ With ‘L'C £ < Tcg» in order to describe accurately the limit-state defined by G(6) =

5.2 | Online stage and error assessement

During the online stage, the optimized values A* of the A parameters are used to generate the random variables such that a
sufficient number of samples are in the failure domain. And the values of the limit-state function and its bounds are computed
in the reduced bases computed along with the CE optimization which have been constructed to accurately represent the limit
state function. The algorithm is given in Algorithm 5

Then, the failure probability and the bounds are estimated by
N[S NIS NIS

pr JACH) 5 £ . £(0")
“S Z GE<0p (g’ ;IS Z (G007, gy (en) and P Z G5 <07 @) @) (60)
opt
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Algorithm 2 Pseudocode for the CE optimization algorithm

input: the PDF f, N (number of samples used for the CE optimization), 7~ (Acceptable error on the estimation of the
limit state function : G(0) < G,), p a parameter in [1072, 107]
output: l/‘r(;)‘"’b, Sg;"’b and h,,

Define h, = f. Set G, such that G, > 0.
Set k = 0 (iteration counter).
Generate a random sample 6 according to the probability density A,. Compute u,,(0) on the finite element mesh. Compute
' =u,(0)—uy, and ¢' = 6,(0)—0,,,(0). Initialize the reduced bases U’ = span {¢'} and 82;1 = span {¢'}. Setn,, = 1.
while G, > 0 do
Setk=k+1
Generate N random samples ', ..., 8Nt according to the probability density hy_y
forn=1, N,y do
Compute G,,(0"), G7,(0"), G ,(0") and £5(0") by Algorlthm .
if £5(0") > 7o and Grb(e ) S G,_, then
Compute G(6") on the finite element mesh. Increase the reduced bases U‘:Z’"”’ and S?l;"”’. Set n,, = n,, + 1 and
G,,(0") = G(O").

end if

end for

Compute G, = max(0, G,), where G, is the p-quantile of G, (0", ...,G,,(O"cr)

Use 0', ..., ONcE to solve N

A= = argmax —— Zcf L <o am SO Inh,(0") (58)
A Sy Y

Set Ay = A"and by = h, .
end while
Set h,, = hy

Algorithm 3 Pseudocode for the computation of G,,(6), Grb(ﬂ) G (0) and £,(0")

input: 6, V0", SO

output: G,,,(e) G, (0) G ,(0) and eq(0)
Compute u,,(0) and u?*(60) in the reduced basis ‘lfo it
Compute 6¢,(0) and 67, “(0) in the reduced basis Srb
Compute e, (0) and e, () from (49)
Compute £;(6") from (57)
Compute G,,(8), G, (0) and G},(6) from (51) and (54 .

6 | NUMERICAL EXAMPLES

6.1 | Example 1

In this first example, we aim at validating the algorithm by a comparison with a standard Monte-Carlo algorithm. We consider
a plate with two rectangular holes proposed in®l. The structure is submitted, in plane strain, to a normal traction P = 10 M Pa
applied along the vertical edge and the plate is considered to be composed of three different materials. The symmetry of the
problem allows to study only one fourth of the plate as shown in Figure 2 ]

The Poisson ratios are fixed v; = v, = v; = 0.30. The Young’s moduli E; are random independent variables such that their
PDF is lognormal with a mean value m; = 200 G Pa and a standard deviation o = 40 G Pa. The quantity of interest considered
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Algorithm 4 Pseudocode for the last iteration of the CE optimization algorithm

input: the PDF f, N (number of samples used for the CE optimization), r  (Acceptable error on the estimation of the
limit state function), U':Z’""’, S?I;"”’ and h
output: U' o S:)b’"’” and h,,

opt

the optimized density probability computed by Algorithm ( .

Generate a random sample 6, ..., 6y according to the probability density &,
forn=1,..,Npdo
Compute G,,(0"), G, (0"), G ,(0") and £5(0") by Algorlthm .
if G',(6") > 0 and G b(@”) < 0 then
The RB accuracy is insufficient to certify the state of the structure
if £5(0") > TL then
Compute G(G") on the finite element mesh. Increase the reduced bases U':;J’"’” and 52;"’”. Set n,, = n,, + 1 and
Grb(en) = G(en)

end if
end if
end for
Use 91, oor, ONCE 10 sOlve
NCE
_fe" .
7" = argmax Z oG ) In h,(6") (59)

Set h,,, = h;.

Algorithm 5 Pseudocode for IS MC Algorithm

input: the PDF f, N, (number of samples used for the IS), 7/'3)’"’”, Sfb’"’” and h
by Algorithm @])

proIS p+IS pH-IS
output: P P Pf

opt the optimized density probability computed

Set Ny =0,N;=0,N;=0
forn=1, N;4 do
Generate 8" according to the probability density &,
Compute G,,(0"), G7,(0") and G ,(6") by Algorlthm .
if G7,(6") < 0 then
JACS) + _ rb _ rb - — -
Computew @) Ny = Nf+w NP =NP+w, N, =N +w,
else if G,,(0") <0 then
Compute w, = hf(?ez Ni=NJ+uw, Nrb N’b + w,
elseif G, (0") <0 then

Compute w, = L&)  Ni=N[+w,

Ry (")’
end if
end for . N
N A ~_ -
Compute Prb IS = 20 prIS — 1 poIS — £

NIS’ f - NIS, f - NIS

here is the average displacement on the line L.

0(u(6),6) = ﬁ / u(@)n, di
@ L

The limit state function is given by
G(0) = i — Q(u(0),0)
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FIGURE 2 Example 1: Thick plate studied

where i is set to 7.3 X 107, A standard Monte-Carlo method (SMC1) with N}, . = 5 x 10* samples gives an estimate P, =
2.68 x 1073 with a relative deviation 6 = 8.6%. With N]%JC = 5 x 10° (SMC2) samples, we obtain Pf = 2.34 x 103 with
a relative deviation 6 = 2.9%. For constructing the reduced bases and the CE optimization, we use the following parameters:
p=0.1,Ncp =500, 705 =7.3x10 % and 75, = 7.3 x 107", At the end of the first step of optimization process (Algorithm,
we obtain reduced bases of dimension 3, and the evolution of the PDF parameters presented in Table[3 | During the last step of
optimization process (Algorithm ) the dimension of the reduced bases increases to 5. The optimized PDF parameters are given
in Table ]

Gk mEl 8El mEZ &EZ 'hE3 6-E3
151107 200 40 200 40 200 40
316x 107 1519 17.8 1943 407 162.8 288

0 1279 127 1912 375 1471 182

W N =X

TABLE 3 Convergence of the CE optimization

k Gk fhEl 6El fﬁE2 &EZ ’hE?a &E3
41 0 1156 115 2014 426 1456 226

TABLE 4 Convergence of the CE optimization last iteration

Using the estimated optimal parameter vector 4, = (115.6,11.5,201.4,42.6, 145.6,22.6) and the size 5 reduced bases with
N, = 5x 103 samples gives an estimate of ﬁ;b’ls = 2.48 x 1073, with a relative deviation § = 5.1%. We obtain as well a lower
bound of the failure probability 13;” =2.30 x 1073 and an upper bound 13;”5 =2.52x 1073. We observe that, while 5 x 10*
FOM resolutions are needed a standard MC method (SMC1) to obtain a relative deviation of § = 8.6%, the proposed algorithm
necessitates only 5 FOM resolutions to compute the RB and the IS optimized density during the offline stage and 5 x 10> ROM
resolutions to compute the failure probability during the online stage. Compared to a standard MC method, the number of finite
element simulations has been reduced by a factor 10* and the number of Monte-Carlo throws (during the online stage) has been
reduced by a factor 10.

6.2 | Example 2

The second example concerns a composite structure composed of two layers linked by an interface as shown on Figure[3 | The
structure is submitted, in plane strain, to a uniform normal traction P applied along the lower and upper surfaces. The determin-
istic parameters are the value of the traction P = 9.2 M Pa, the crack length a = 0.15, the length of the structure L = 0.6, the
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FIGURE 3 Example 2: Composite structure studied

FIGURE 4 Example 2: Composite structure mesh

Random Variable Distribution Mean value (GPa) Standard deviation (GPa)

Epi_; LogNormal 100 20
Eg, LogNormal 20 4
E,, LogNormal 10 2
K, LogNormal 1 0.2

TABLE 5 Example 2: Statistical properties of the random variables

thickness of the layers e; = 0.14, the thickness of the interface e; = 0.02, the radius of the fibers r = 0.05 and their positions.
The random parameters, as defined in Table[5 | are the Young’s moduli of the materials @ = (Ep, Epy, Epsy, Epy, Ey, E))
(where F; denotes the fibers, M the matrix and I the interface). The Poisson ratio’s are set to 0.3. Figure Pf_—l shows the 6-node
triangular mesh used for the finite element analysis.

The Quantity of Interest is the mean value of the o, over the subdomain ® and the limit state function is given by

1
GO =R—- —— 0)d 61
) mes(@) 6,,(0)dw (61)
[
where R is a deterministic value set to 180 M Pa.
A standard Monte-Carlo method (SMC1) with 107 samples gives an estimate 13f = 3.16 x 10~* with a relative deviation

6 = 1.8%. For constructing the reduced bases and the CE optimization we use the following parameters: p = 0.1, Ny = 500,
Tcp = 18 M Pa and ré r = 1.8 M Pa. The optimization process converges in 4 iterations (Algorithms and and we obtain
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reduced bases of dimension 9. The optimized PDF parameters are given in Table[6 ] Using optimized PDF parameters and the
size 9 reduced bases with N, ¢ = 10* samples gives an estimate of P15 =319 x 107*, with a relative deviation 6 = 2.9%.
We obtain as well a lower bound of the failure probability ﬁf_’I S =281 x107* and an upper bound 13;’[ S =372%x 1074,
To compare with a Monte-Carlo simulation performed by a RB without CE optimization, we run the Monte-Carlo simulation
with the reduced basis approximation computed during the offline step and the initial PDF f, and we compute the failure
probability f’f with the Monte-Carlo estimator (Equation . The number of samples used is N, = 4 x 10°, and we obtain
13f = 3.12 x 10~%, with a relative deviation 6 = 2.8%. In this case, we have reduced the number of computations of the ROM
during the online phase by a factor 4 x 102.

Random Variable Ep, Epy, Eps Ep, Ey E
Mean Value (GPa) 959 978 1130 1576 8.10 1.84
Standard deviation (GPa) | 19.6 194 272 288 219 025

TABLE 6 Example 2: optimized PDF parameters

Two series of tests are performed to check the robustness of the failure probability estimate. The algorithm is run 10 times
with the following parameters p = 0.1, Nop = 500, N;g = 10%, 7o = 18 M Pa, 75, = 1.8 M Pa, then with the same
prb 1S

parameters but with a smaller tolerance 7, = 1.8 M Pa, ré g = 0.18 M Pa. The evolution of the ratio r = fP for the two

set of computations is shown in Figure It can be observed that the ratio is very sharp varying from 0.9 to 11 and that the
estimate becomes more reliable when the tolerance decreases. For Té g = 1.8 M Pa the size of the reduced bases varies from 9
to 10 for the different runs and for Té r = 1.8 M Pa the size of the reduced bases varies from 15 to 17. Figure IEI displays the
variation the failure’s probability bounds ( 13;” S and ﬁf_’l %) for 10 runs and shows that the bounds gaps become narrower as

the tolerance decreases.

1.20

—e— T1:.=1.8 MPa
1.151 -%= Tt =0.18 MPa

1.10 A
1.05 A
1.00 -

0.95 A

0.90 -

0.80

prb1S

FIGURE 5 Evolution of r = P’ﬁ for 10 runs

/

Figure [/ | shows the relative deviation 6 as a function of N, ¢ the number of sampling points. In this case, we have built
the optimized PDF and the reduced basis with the following parameters: p = 0.1, Ny = 500, 7o = 0.18 M Pa, ‘L'é’ £ =
0.018 M Pa, leading to n,, = 28. It can be observed that in this case 10° samples are sufficient to obtain a relative deviation
inferior to 10%.

Table[7 | shows the evolution of the failure probability and the evolution of the number of the elements in the reduced bases
when loading P decreases. The algorithm is run with the following parameters: p = 0.1, N = 500, N;g = 10%, 7o =
1.8 M Pa, Té g = 0.18 M Pa. The failure probability decreases rapidly with the force drop. However, it can be seen that there is
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FIGURE 7 Evolution of the relative deviation 6 as a function of N ;g

no increase of the number of elements in the reduced bases and that less than 20 FE computations are sufficient to accurately
estimate the failure probability. The relative deviation remains stable between 3% and 5%. If we consider that 10° finite element
computations would be necessary to estimate the 7.4 X 10~8 failure probability we observe that the number of finite element
computations is reduced by a factor 5 x 107 and the number of computations in the reduced basis by a factor 10°.

P (MPa) 9.2 9.0 8.8 8.6 8.4 8.2
13;””5 32x107* 84x105 1.89%x107° 34x10° 56x1077 7.4x1078
ﬁf*”s 37%x107% 86%x1075 1.94%x1075 3.6%x10°% 63x1077 7.8x1078
13;”5 28x10™% 81x107° 1.86x10° 33x10° 51x107 7.1x1078
Relative deviation & (%) 2.9 2.9 4.0 3.6 4.7 3.0
CE number of iterations 4 4 5 5 5 6
Nmax 15 16 17 18 16 19

TABLE 7 Computed failure probability and bounds
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7 | CONCLUSIONS

In this paper, we have developed an adaptive computational strategy aiming to compute the failure probability of a structure in
the context of rare events simulations. We use a cross-entropy method to construct an optimized probability density function for
the importance sampling estimator. A surrogate model based on a reduced basis approach is constructed during the cross-entropy
optimization and the reduced basis vectors are chosen in order to control the quality of the estimation of the limit state function.

In the numerical examples, we show that the algorithm permits estimating failure probabilities from 10~* to 10~7 with less
than 20 finite elements computations during the offline phase and only 10* calls to the surrogate model during the online
phase. Finally, bounds of the Monte-Carlo estimator are computed which permit to assess the quality of the reduced basis. It
is interesting to note that a possible improvement of the algorithm would be to use the bounds of the Monte-Carlo estimator to
add vectors in the reduced basis during the online process in order to prescribe certified bounds for the estimate of the failure
probability.
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